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Abstract. We study the asymptotics as n goes to infinity of E [N (Sn, [0, 2π])],
the expected number of zeros in [0, 2π] of a random periodic signal Sn of the form

Sn(t) =

n∑
k=1

akf(kt),

where f is a non-analytic 2π−periodic function and the coefficients (ak) are i.i.d.
random variables, centered with unit variance. We show in particular that if a1
admits a finite third moment and if the function f is piecewise polynomials and
of class C7, then we have the following universal asymptotics, independent of the
particular law of the coefficients (ak)

lim
n→+∞

E [N (Sn, [0, 2π])]

n
=

2√
3

√
‖f ′‖L2([0,2π])

‖f‖L2([0,2π])

.

This result thus extends in expectation and at the scale of the whole period [0, 2π]
the local universality property established in [Angst-Poly, IMRN, 2019], in distribu-
tion and in shrinking intervals of size 1/n. Moreover, it generalizes to a non-analytic
context the global universality results obtained in the more classical frameworks
of random trigonometric polynomials or random analytic functions. Our approach
combines a new almost sure Central Limit Theorem à la Salem–Zygmund for the
function Sn when evaluated at a uniform random point in [0, 2π], and as well as
suitable uniform integrability and anti-concentration estimates.
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1 Introduction and statement of the results

1.1 Introduction

The study of the nodal sets or level sets of random functions is the object of vast litera-
ture and connects various domains of mathematics, from probability theory to algebraic
geometry and Riemannian geometry, or else mathematical physics. Of particular inter-
est is the study of the zero sets of random algebraic polynomials, random trigonometric
polynomials, or random combinations of Laplace eigenfunctions, and more specifically
the universality of their asymptotics in the large degree / high energy regimes. Let us
briefly recall what the notion of universality means in these contexts. Let (ak)k≥1 be a
sequence of random variables, centered with unit variance, defined on a probability space
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(Ω,F ,P) and let (ϕk)k≥1 be a family of real functions. One then consider the random
linear combinations

Sn(t) :=

n∑
k=1

akϕk(t).

If ϕk(t) = tk or ϕk(t) = cos(kt) or sin(kt), one recovers for example the classical models of
Kac random algebraic polynomials and trigonometric polynomials. We are then interested
in the number of zeros of Sn on a given interval, denoted by

N (Sn, [a, b]) := Card{t ∈ [a, b], Sn(t) = 0}.

The question of the universality of the asymptotics of N (Sn, [a, b]) as n goes to infinity
consists in asking whether the latter does depend or not on the particular law of the ran-
dom coefficients (ak) and their correlations. Since the observable of interest N (Sn, [a, b])
is random, the question of the universality can be considered in various probabilistic ways,
e.g. in distribution, in expectation or even almost surely. Besides, one can study the local
universality properties at a microscopic scale, e.g. in an interval [an, bn] whose length goes
to zero as n goes to infinity, or at a macroscopic scale, in which case one then speaks of
global universality properties.

In both algebraic and trigonometric frameworks, the literature dealing with universal-
ity properties of nodal sets associated with random polynomials is thriving. The reader
can refer for example to the articles [26,16,19] and the references therein for local prop-
erties and to [8,15,2,5,17,13,18,3] for universality results at a global scale. In the opposite
direction, there are also examples of models where the asymptotics of the number of zeros
does depend on the nature of the coefficients (ak), see for example [21,22,20,4]. Interest-
ingly, there are some models where the first order asymptotics is universal whereas the
second order asymptotics is not, see [11,12,6].

For the most part of the existing literature about universality properties, the analyt-
icity of the random functions ϕk – be they algebraic polynomials, trigonometric functions
or else – plays a crucial role in the corresponding results. For example, Hurwitz Theorem
ensures the continuity of the nodal sets in [16], and Jensen integral formula is the starting
point of [19] to count the number of zeros. This raises naturally the role played by the
analyticity of the involved functions in the universality properties of nodal domains. If we
have in mind the isolated zeros principle, it seems reasonable to think that the regularity
of the function could affect the distribution of zeros.

The goal of this article, which continues the study initiated in [9], is to show that the
analyticity hypothesis is in fact non-necessary to obtain universal asymptotics, at both
local and global scales. The method we use to derive the global asymptotics of the ex-
pected number of zeros indeed requires only a finite order regularity and can be applied
for example to piecewise polynomial functions. It turns out that the main necessary ingre-
dients are some a priori bounds on the number of zeros of the considered signals (which
are free when considering algebraic or trigonometric polynomials) and not surprisingly,
some anti-concentration estimates on the size of the signal. It is precisely the latter anti-
concentration estimates that require the most regularity and it would be interesting /
challenging to derive similar bounds with minimal regularity.
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1.2 The model and existing results

Let us specify the model of random periodic signals we consider here. For the most part,
we work under the same framework as in the local universality study initiated in [9]. The
model thus consists in choosing random linear combinations of functions ϕk of the form
ϕk(t) = f(kt) where the base function f is a continuous, 2π-periodic. The typical and
“ideal” base function we have in mind is for example the triangular function interpolating
the cosine function on πZ, namely

f(x) =

{
1 + 2

πx on [−π, 0],
1− 2

πx on [0, π].

To avoid pathological examples, we will suppose in the sequel that the function f satisfies
the following condition

(H1)

f ∈ H1, i.e. ||f ||2 + ||f ′||2 < +∞, with 〈f, f〉 > 0 and 〈f ′, f ′〉 > 0,

f is centered i.e. 〈f, 1〉 =
∫ 2π

0
f(x)dx = 0,

where 〈·, ·〉 denotes the usual L2([0, 2π]) scalar product and ‖ · ‖2 is the associated norm.
To make appear converging quantities as n goes to infinity, we will in fact consider the
rescaled process

fn(t) :=
1√
n

n∑
k=1

akf(kt),

where (ak)k≥1 is a sequence of i.i.d. random variables, centered with variance one
and defined on a common probability space (Ω,F ,P). Naturally the nodal set of fn
coincides with the one of the original signal Sn.

Fig. 1. An example of a piecewise polynomial function f and a sample of an associated
random signal fn.

The observable of interest here is the number of zeros of fn on the whole period [0, 2π],
and more specifically its expectation E with respect to the law P of the coefficients

E [N (Sn, [0, 2π])] = E [N (fn, [0, 2π])] .

As mentioned above, a first local universality result was obtained in [9], namely a con-
vergence distribution and in shrinking intervals of size 1/n. To be more precise, let
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α ∈ (0, 2π)\πQ and let (pn) be a sequence of real numbers such that pn/n converges
to α as n goes to infinity. The authors considered the localized process

Xn(t) :=
1√
n

n∑
k=1

akf

(
k(pn + t)

n

)
= fn

(
pn + t

n

)
, t ∈ [0, 2π].

Under various suitable conditions on the base function f and the common law of the
coefficients (ak), they established that this process has a non-trivial scaling limit and
then deduced the convergence in distribution of the associated number of zeros.

Theorem 1 (Combination of the main results of [9]). Suppose that the function
f satisfies the condition (H1). Then, there exists a stationary and centered Gaussian
process (X∞(t))t∈[0,2π] such that as n goes to infinity, the sequence stochastic processes
(Xn(t))t∈[0,2π] converges to (X∞(t))t∈[0,2π] in the sense of finite marginals. Moreover,
under each of the following additional conditions,

1. the function f is C2,
2. there exists β > 2 and γ > 0 with βγ > 1 such that f is C1+γ and E[|a1|β ] < +∞,
3. there exists γ > 0 such that f is C1+γ and E[|a1|4] < +∞,
4. α is Diophantine and pn/n converges to α at a polynomial rate, f is piecewise linear

and E[|a1|4] < +∞,

we have the following convergence in distribution as n goes to infinity

N
(
fn,

[
pn
n
,
pn + 2π

n

])
= N (Xn, [0, 2π])

law−−→ N (X∞, [0, 2π]) .

Moreover, the limit process is such that

E [N (X∞, [0, 2π])] =
2√
3

√
〈f ′, f ′〉
〈f, f〉

.

The key step in the above statement is the fact that, under each of the above four
conditions, the distributions of the processes (Xn(t)) are tight in good function space
topologies, for example the C1−topology or the Lipschitz topology. This ensures the con-
tinuity of the associated nodal sets and thus the convergence of the number of zeros. The
less regular is the base function f , the more difficult and technical is the proof of the
tightness, which then requires some additional integrability assumptions on the law of
the coefficients.

1.3 Main results and comments

Let us now describe the main results of the paper, whose detailed proofs are postponed in
the next sections. As announced, we will establish the global universality of the asymp-
totics of the expected number of zeros of fn over the whole period, see Theorem 4 just
below. The overall strategy extends the one adopted in the recent contributions [5,4,6]. It
relies on variations on the celebrated almost sure Central Limit Theorem by Salem and
Zygmund for trigonometric polynomials obtained in the seminal paper [24].
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To be more precise, let X be a random variable whose distribution PX is uniform on
the interval [0, 2π] and which is independent of the entries (ak)k≥1. In other words, we
work on the product space

(Ω × [0, 2π],F × B([0, 2π]),P⊗ PX) ,

with X seen as the second projection on ([0, 2π],B([0, 2π])). We denoted by EX the
expectation with respect to the probability PX . We first show that almost surely with
respect to P, the sequence fn evaluated at the random variable X converges in distribution
under PX to a Gaussian variable.

Theorem 2. Suppose that the base function f satisfies the condition (H1) and that the
common law of the (ak) admits a finite third moment. Then, P-almost surely, for all
t ∈ IR, we have

lim
n→+∞

EX
[
eitfn(X)

]
= e−

t2

2 〈f,f〉.

In other words, P−almost surely, the sequence of random variables (fn(X))n≥0 converges
in distribution under PX towards a centered Gaussian variable with variance 〈f, f〉.

As in the case of random trigonometric polynomials considered in [5], the above almost
sure Central Limit Theorem can be extended to a functional Central Limit Theorem.
Namely, if we introduce the stochastic process (gn(t))t∈[0,2π] defined by

gn(t) := fn

(
X +

t

n

)
, t ∈ [0, 2π],

we have the following convergence.

Theorem 3. Suppose that the base function f satisfies the condition (H1) and that the
common law of the (ak) admits a finite third moment. Then, P−almost surely, as n goes to
infinity, the finite dimensional marginals of process (gn(t))t∈[0,2π] converge in distribution
to the ones of the stationary Gaussian process (g∞(t))t∈[0,2π] with covariance function

EX [g∞(t)g∞(s)] = ρ(t− s), with

ρ(u) :=
1

u

∫ u

0

(f ∗ f̃)(x)dx, u 6= 0

ρ(0) = 〈f, f〉
,

where f̃(x) := f(−x) for all x ∈ IR. Moreover, if the function f is of class C2, the process
(gn(t))t∈[0,2π] converges is distribution in the C1 topology towards (g∞(t))t∈[0,2π].

Remark 1. The law of the limit process (g∞(t)) appearing in Theorem 3 actually coincides
with the one of the process (X∞(t)) in Theorem 1 above, when looking at the signal Sn
in a deterministic (but possibly moving) window of size 1/n. As observed in [9], this limit
process is the natural generalization to our non-analytic context of the standard Gaussian
process with sinc covariance function appearing as a universal limit in many models, in
particular in the case of random trigonometric polynomials.

Remark 2. Note that, in the last statement, the C2 regularity condition ensuring the
tightness of the distributions of (gn(t))t∈[0,2π] in the C1 topology is not necessary. As
stated in Theorem 1 above, it could be replaced by weaker regularity assumptions on f ,
provided the random coefficients (ak) are sufficiently integrable.
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Remark 3. Since the limit process (g∞(t)) is non-degenerate (see Lemma 8 below), under
the assumptions of Theorem 3, the continuous mapping Theorem ensures the convergence
in distribution under PX (and P almost-surely)

N
(
fn,

[
X,X +

2π

n

])
= N (gn, [0, 2π])

law−−→ N (g∞, [0, 2π]) ,

which is, when compared to Theorem 1, another local universality principle at scale 1/n,
this time in a random window based at the uniform point X.

In order to pass from the above local results to the global scale of the whole period, we
have to impose more conditions on the base function f . When dealing with algebraic
or trigonometric polynomials, we have naturally some a priori bounds on the number of
zeros as a function of the degree : it grows at most linearly. For a general base function
f , this is of course not the case and this is the reason why we will restrict to piecewise
polynomial functions for which the number of zeros is at most quadratic in the degree,
see Lemma 11 below. We thus introduce the following condition.

(H2) f is piecewise polynomial, with a global regularity of class C7 on the whole period,
and for each i ∈ {0, . . . , 6}, there exists xi ∈ [0, 2π] such that f (i)(xi) 6= 0.

Remark 4. The non-zero condition for f and its derivatives featured in (H2) is of course
satisfied in the trigonometric case where f(x) = cos(x) or f(x) = sin(x). The global
regularity exponent 7 is not meant to be sharp here, it could be lowered, but at the cost
of making the proofs of anti-concentration and uniform integrability estimates presented
in Section 3 much more technical.

As announced above, under these additional conditions, the main result of the article
is the following global universality principle.

Theorem 4. Suppose that the base function f satisfies conditions (H1), (H2), and that
the common law of the (ak) admits a finite third moment. Then, as n goes to infinity, we
have

lim
n→+∞

E [N (fn, [0, 2π])]

n
=

2√
3

√
〈f ′, f ′〉
〈f, f〉

.

Remark 5. The previous Theorem 4 calls for several remarks.

1. If the generic function f is cosine or sine, we have 〈f, f〉 = 〈f ′, f ′〉 > 0 and we
recover the well-known fact, first established in [14], that when properly normalized,
the expected number of zeros over a period converges to 2√

3
.

2. It remains an open question to determine whether or not the random superposition
of triangular signals satisfies this same limit, since in this case, we cannot rely on the
regularity properties of f in establishing the equi-integrability condition, crucial for
global asymptotics in this method.

The plan of the rest of the article is the following. The next Section 2 is dedicated to the
proof of Theorems 2 and 3, i.e. the Salem–Zygmund-like almost sure CLTs for the rescaled
process (gn(t)) in a “strong” topology. In Section 3, we establish a multidimensional small
ball estimate for the signal gn and its derivative (Proposition 3) and then we derive from
this estimate the uniform integrability of the normalized number of zeros of gn on the
whole period (Proposition 4). To facilitate the global reading of the paper, the most
technical proofs are postponed in the last Section 4.
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2 A functional almost sure Central Limit Theorem

This section is devoted to the proofs of both Theorem 2 and its functional analogue
Theorem 3, i.e. the P−almost sure Central Limit Theorems associated with the original
signal Sn when evaluated at an independent and uniform random point.

2.1 A Central Limit Theorem of fn(X)

The strategy of proof of Theorem 2 follows globally the same lines as the original one
given by Salem and Zygmund in [24] in the case trigonometric polynomials with random
signs. More specifically, we first establish an L2(P) estimate, then we use a Borel–Cantelli
argument to obtain the desired almost sure convergence along a subsequence and conclude
by getting rid of taking the subsequence. Recall that the goal is to establish that, P almost
surely, for all λ ∈ R, we have

lim
n→+∞

EX
[
eiλfn(X)

]
= e−

λ2

2 〈f,f〉.

Let us set

σ2
n(X) := E

[
f2n(X)

]
=

1

n

n∑
k=1

f2(kX).

By Birkhoff ergodic Theorem, almost surely under PX , we have

lim
n→+∞

σ2
n(X) := 〈f, f〉,

so that by dominated convergence, Theorem 2 amounts to show that P−almost surely,
for all λ ∈ R

lim
n→+∞

∣∣∣EX [eiλfn(X) − e−λ
2

2 σ
2
n(X)]

]∣∣∣ = 0.

As announced, we will first establish an L2(P) estimate by considering

∆n(λ) := E
[∣∣∣EX [eitλfn(X) − e−λ

2

2 σ
2
n(X)]

]∣∣∣2] .
Lemma 1. If a1 admits a finite third moment and if f satisfies the condition (H1), there
exists a positive constant C such that

∆n(λ) ≤ C (λ2 + |λ|3)√
n

.

To facilitate the global reading of the paper, the proof of Lemma 1 is postponed in
Section 4.1 below. Let us then fix an integer γ > 2 and λ ∈ R. By Borel–Cantelli Lemma,
P−almost surely (i.e. on a set of full measure which depends on λ), as n goes to infinity,
Lemma 1 ensures that along the subsequence nγ

lim
n→+∞

∣∣∣EX [eiλfnγ (X) − e−λ
2

2 σ
2
nγ (X)

]∣∣∣ = 0. (1)
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Now, let m a given integer. There exists a unique n such that nγ < m ≤ (n+ 1)γ . Then,
using the fact that the exponential is Lipschitz and Cauchy–Schwarz inequality, we have∣∣∣EX [eiλfnγ (X)

]
− EX

[
eiλfm(X)

]∣∣∣2 ≤ λ2EX [|fnγ (X)− fm(X)|2
]
.

Expliciting the square, we get

EX
[
(fnγ (X)− fn(X))2

]
≤ 2

(
1−

√
nγ

m

)2

EX
[
fnγ (X)2

]

+2

(
1− nγ

m

)
EX

( 1√
m− nγ

m∑
k=nγ+1

akf(kX)

)2
 .

We have then the following Lemma, whose proof is given in Section 4.2.

Lemma 2. Suppose f satisfies the condition (H1). There exists a constant C = C(ω)
such that P−almost surely

sup
n≥1

EX [fn(X)2] ≤ C, and sup
n≥1
M≥1

EX


 1√

n

∑
M≤k≤M+n

akfk(X)

2
 ≤ C.

By Lemma 2, we deduce that

∣∣∣EX [eiλfnγ (X)
]
− EX

[
eiλfm(X)

]∣∣∣2 ≤ 2Cλ2

(1− nγ

m

)
+

(
1−

√
nγ

m

)2


= O

(
1

m1/γ

)
.

Combining this last estimate with Equation (1), one can indeed conclude that for a fixed
λ, P−almost surely

lim
m→+∞

EX
[
eiλfm(X)

]
= lim
m→+∞

EX
[
e−

λ2

2 σ
2
m(X)

]
= e−

λ2

2 〈f,f〉.

Therefore, we deduce that the above convergence holds P−almost surely for all λ ∈ Q. To
conclude that the asymptotics is valid P−almost surely for all λ, λ′ ∈ R, we remark that∣∣∣EX [eiλfn(X)

]
− EX

[
eiλ

′fn(X)
]∣∣∣2 ≤ |λ− λ′|2EX [fn(X)2],

so that in virtue of Lemma 2 above, P−almost surely

sup
|λ−λ′|≤ε

sup
n≥1

∣∣∣EX [eiλfn(X)
]
− EX

[
eiλ

′fn(X)
]∣∣∣2 ≤ C ε2.
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2.2 A functional Central Limit Theorem for (gn(t))

In this section, we give a detailed proof of Theorem 3, which is the functional analogue
of the previous Theorem 2. Recall that

gn(t) := fn

(
X +

t

n

)
=

1√
n

n∑
k=1

akf

(
kX +

kt

n

)
, t ∈ [0, 2π].

The goal is to establish that P−almost surely, the family of processes (gn(t))t∈[0,2π] con-
verge in distribution, under PX and with respect to the C1−topology, towards an explicit
stationary Gaussian process. As done classically, we proceed in two steps: first, we show
the convergence of the finite dimensional marginals. Then, we focus on the tightness with
respect to the C1−topology, which will be established using a Lamperti-like criterion.

Convergence of finite dimensional marginals Let us first establish the convergence
of the finite dimensional marginals of the localized process (gn(t))t∈[0,2π].

Proposition 1. If a1 admits a finite moment of order three and if f satisfies the condition
(H1), then P−almost surely, the finite marginals of (gn(t))t∈[0,2π] converge to the ones of
a stationary Gaussian process (g∞(t))t∈[0,2π] with covariance function

EX [g∞(t)g∞(s)] = ρ(t− s), with

ρ(u) :=
1

u

∫ u

0

(f ∗ f̃)(x)dx, u 6= 0

ρ(0) = 〈f, f〉
,

where f̃(x) := f(−x) for x ∈ IR.

For a fixed positive integer M and t = (t1, . . . , tM ) ∈ [0, 2π]M , λ = (λ1, . . . , λM ) ∈ IRM ,
we set

Zn(X, t, λ) :=

M∑
p=1

λpgn(tp) =

M∑
p=1

λpfn

(
X +

tp
n

)
.

Establishing Proposition 1 comes down to proving that P−almost surely, for all M > 1,
for all t ∈ [0, 2π]M and λ ∈ IRM , we have the following convergence of characteristic
functions

lim
n→+∞

EX
[
eiZn(X,t,λ)

]
= exp

(
−1

2

M∑
p,q=1

λpλqρ(tp − tq)

)
.

The first reduction consists in remarking that, as in the one-dimensional case treated
above, it is sufficient to establish the almost sure convergence for fixed t ∈ [0, 2π]M and
λ ∈ IRM . Indeed, if t, s ∈ [0, 2π]M and λ, µ ∈ IRM we have the following Lemma, whose
proof is given in Section 4.3.

Lemma 3. Under the hypotheses of Proposition 1, P−almost surely there exists a positive
constant C = C(ω) such that for any 0 < ε < 1, 0 < η < 1

sup
||t−s||∞≤ε
||λ−µ||1≤η

n≥1

∣∣∣EX [eiZn(X,t,λ)]− EX
[
eiZn(X,s,µ)

]∣∣∣ ≤ C (η + ||λ||1 × ε) .
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The almost sure uniform continuity ensured by Lemma 3 above thus allows to restrict to
the case where t ∈ ([0, 2π] ∩ Q)M and λ ∈ QM and therefore to fixed values of t and λ.
The next reduction comes from the following Lemma, which allows to identify the limit
covariance and whose proof is also given in Section 4.4.

Lemma 4. Under the hypotheses of Proposition 1, we have

lim
n→+∞

EX
[
e−

1
2E[Zn(X,t,λ)

2]
]

= exp

(
−1

2

M∑
p,q=1

λpλqρ(tp − tq)

)
. (2)

Thanks to Lemma 4, Proposition 1 is thus equivalent to the following convergence,
P−almost surely,

lim
n→+∞

∣∣∣EX [eiZn(X,t,λ)]− EX
[
e−

1
2E[Zn(X,t,λ)

2]
]∣∣∣ = 0.

The proof then follows the same lines as its one dimensional counterpart Theorem 2.
Namely, we have first the following L2(P) estimate, which is the analogue of Lemma 1
above and whose proof is given in Section 4.5 below.

Lemma 5. Under the hypotheses of Proposition 1, there exists a constant C such that
P−almost surely

∆̃n := E
[∣∣∣EX [eiZn(X,t,λ)]− EX

[
e−

1
2E[Zn(X,t,λ)

2]
]∣∣∣2] ≤ C√

n
.

By Borel–Cantelli Lemma, if γ > 2, one thus deduces that P−almost surely, we have

lim
n→+∞

∣∣∣EX [eiZnγ (X,t,λ)]− EX
[
e−

1
2E[Znγ (X,t,λ)

2]
]∣∣∣ = 0.

As above, one finally gets rid of the subsequence nγ using the following estimates, whose
proof is again postponed in Section 4.6.

Lemma 6. Under the hypotheses of Proposition 1, as m goes to infinity, if n is the unique
integer such that nγ < m ≤ (n+ 1)γ , then P−almost surely, we have∣∣∣EX [eiZnγ (X,t,λ)]− EX

[
eiZm(X,t,λ)

]∣∣∣ = O

((
1− nγ

m

))
= O

(
1

m1/γ

)
.

Tightness under regularity assumptions Having established the convergence of finite
marginals of the process gn, we focus now on the tightness of the family of processes
(gn)n≥1 in a suitable topology. In the next applications to nodal asymptotics, we will
work with the C1−topology so that it is reasonable to impose some minimal regularity to
the base function f .

Proposition 2. Suppose that the function f is of class C2, then P−almost surely, the
family of distributions of (gn(t))t∈[0,2π] under PX is tight with respect to the C1 topology.
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Proof. The tightness with respect to the C1−topology of the family (gn)n≥1 under PX is
guaranteed by the following standard Lamperti-like criteria, see [23]

∃C > 0, EX [|gn(t)− gn(s)|2] ≤ C|t− s|2, EX [|g′n(t)− g′n(s)|2] ≤ C|t− s|2. (3)

The above Proposition 2 is therefore a direct consequence of the strong law of large
numbers, combined with the following Lemma 7, whose proof is given in Section 4.1. ut

Lemma 7. Under the hypotheses of Proposition 2, for all integer n ≥ 1 and real numbers
t, s, we have

EX [|gn(t)− gn(s)|2] ≤ 12× ||f ′||22

(
1

n

n∑
k=1

a2k

)
|t− s|2,

and similarly

EX [|g′n(t)− g′n(s)|2] ≤ 12× ||f ′′||22

(
1

n

n∑
k=1

a2k

)
|t− s|2.

Non-degeneracy of the limit process We now establish that the process g∞ is non-
degenerate in the sense that P⊗ PX−almost surely, we have

(g∞(t) = 0) =⇒ (g′∞(t) 6= 0).

For the sake of self-containedness, we recall the following lemma, first stated in [9].

Lemma 8. The stationary Gaussian process (g∞(t))t∈[0,2π] is P⊗PX−almost surely non-
degenerate, i.e. P⊗ PX−almost surely, we have

inf
t∈[0,2π]

(|g∞(t)|+ |g′∞(t)|) > 0,

and if [a, b] ⊂ [0, 2π], its expected number of zeros is

EP⊗PX [N (g∞, [a, b])] =
b− a
π

√
〈f ′, f ′〉
3〈f, f〉

.

Proof. Using the periodicity of f and the independence of the random coefficients (ak),
an immediate computation gives for any t ∈ [0, 2π]

EP⊗PX [gn(t)2] = 〈f, f〉, EP⊗PX [gn(t)g′n(t)] = 0,

and

EP⊗PX [g′n(t)2] =

(
1

n

n∑
k=1

k2

n2

)
〈f ′, f ′〉 −−−−−→

n→+∞

〈f ′, f ′〉
3

.

Therefore the law of (g∞(t), g′∞(t)) does not depend on t and is the one of a centered
Gaussian vector with covariance matrix

Γ :=

(
〈f, f〉 0

0 1
3 〈f
′, f ′〉

)
.
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Since we have assumed that 〈f, f〉 > 0 and 〈f ′, f ′〉 > 0, we deduce that detΓ > 0.
In particular, the Gaussian vector (g∞(t), g′∞(t)) admits a uniformly bounded density,
uniformly in t ∈ [0, 2π]. Using the classical Bulinskaya lemma, see e.g. Proposition 6.11 of
[10], we deduce the non-degeneracy of the process. In particular, we can apply Kac–Rice
formula to compute

EP⊗PX [N (g∞, [a, b])] =
1

π

∫ b

a

√
EP⊗PX [g′∞(t)2]

EP⊗PX [g∞(t)2]
dt =

b− a
π

√
〈f ′, f ′〉
3〈f, f〉

.

ut

3 Study of the number of real zeros

The goal of this section is to complete the proof of our main Theorem 4 on the universality
of the expected number of zeros. Let us first recall the following deterministic result,
which allows to represent the normalized number of zeros of a periodic function as the
expectation of the number of zeros in a random subinterval. The proof of this result,
which a direct application of Fubini inversion of sums, can be found in [5, Lemma 3].

Lemma 9 (Lemma 3 in [5]). Let X a random variable which is uniformly distributed
over [0, 2π]. Let f be a continuous and 2π-periodic function with a finite number of zeros
over a period. Then, for any h ∈ (0, 2π),

h

2π
×N (f, [0, 2π]) = EX [N (f, [X,X + h])] .

Taking h = 2π
n in the previous statement gives, for X ∼ U([0, 2π]) independent of the

entries (ak)k≥1, that

N (fn, [0, 2π])

n
= EX

[
N
(
fn,

[
X,X +

2π

n

])]
.

Using the stochastic process (gn(t))t∈[0,2π] defined before, the normalized number of
real zeros of fn can thus be expressed as

N (fn, [0, 2π])

n
= EX [N (gn, [0, 2π])] . (4)

The main byproduct of the functional Central Limit Theorem stated in Theorem 3 is the
following corollary.

Corollary 1. Suppose that the base function f is of class C2([0, 2π]) and satisfies the
condition (H1), then we have

1. P−almost surely, as n goes to infinity and under PX , the number of zeros N (gn, [0, 2π])
of the localized process (gn(t))t∈[0,2π] converges in distribution towards N (g∞, [0, 2π]).

2. As n goes to infinity, N (gn, [0, 2π]) converges in distribution under P ⊗ PX towards
N (g∞, [0, 2π]).
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Proof. The first statement is direct consequence of the fact that, deterministically, the
functional “number of roots” is continuous with respect to the C1−topology, as soon as
the limit is non-degenerated, i.e. if un converges towards u as n→ +∞ for the C1 topology
with inft∈[0,2π](|u(t)| + |u′(t)|) > 0, then Card

(
u−1n ({0}) ∩ [0, 2π]

)
→ Card(u−1({0}) ∩

[0, 2π]), see for example Proposition 4.1 of [5]. In our context, thanks to Theorem 3,
P−almost surely and under PX , the process {gn(·)}n≥1 converges in the C1−topology
towards g∞, which is non-degenerate via Lemma 8. The result thus follows from the
Continuous Mapping Theorem. For the second statement, using that if h is a continuous
and bounded test function, the first point gives that P−almost surely, as n goes to infinity,

lim
n→+∞

EX [h(N (gn, [0, 2π]))] = EX [h(N (g∞, [0, 2π]))] .

Then, by dominated convergence, integrating with respect to P, we obtain

lim
n→+∞

EP⊗PX [h (N (gn, [0, 2π]))] = EP⊗PX [h(N (g∞, [0, 2π]))] ,

hence the convergence in distribution under P⊗ PX . ut

Thanks to Equation (4), establishing the global universality of the expected number
of zeros on the whole period then comes down to showing that

lim
n→+∞

EP⊗PX [N (gn, [0, 2π])] = EP⊗PX [N (g∞, [0, 2π])] . (5)

In other words, we need to upgrade the convergence in law obtained in the second point
of Corollary 1, to a convergence of the first moment under P ⊗ PX . To achieve this, we
will work from now on under the additional assumptions (H2) stated in Section 1.3. The
fact that base function f is piecewise polynomial will give us an a priori upper bound
for the number of zeros of fn on [0, 2π], see Lemma 11 below. Otherwise, the global
regularity and the non-vanishing derivatives hypotheses will allow us to show some anti-
concentration estimate, from which we will deduce that the sequence of random variables
(N (gn, [0, 2π]))n≥1 is in fact bounded in Lp(P ⊗ PX) for some p > 1, see Proposition 4
below, hence ensuring the convergence (5) and the global universality statement.

3.1 Small ball estimate

In this section, we derive some anti-concentration estimate for the number of zeros of the
random function gn and its derivatives on a period. The approach we adopt is similar
to the one recently introduced in [7] and is based on the fact that anti-concentration
estimates for sums of independent random vectors improve as dimension grows. Let us
first establish the following non-degeneracy lemma.

Lemma 10. Suppose that the base function f satisfies Condition (H2), in particular f is
of class Cq, with q = 7. Then, for n large enough, the covariance matrix with respect to P⊗
PX of the random vector Zn =

(
gn(0), g′n(0), . . . , g

(q−1)
n (0)

)
is positive definite. In other

words, there exists κ > 0 such that, for n large enough and for all λ = (λ0, . . . , λq−1) ∈ IRq,
we have

σ2
n(λ) := EPX⊗P

[
(λ · Zn)

2
]
≥ κ

q−1∑
i=0

λ2i .
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Proof. The random vector Zn is centered under PX⊗P, and for λ = (λ0, . . . , λq−1) ∈ IRq,
we have

σ2
n(λ) := EP⊗PX

(q−1∑
i=0

λig
(i)
n (0)

)2
 =

q−1∑
i,j=0

λiλjEP⊗PX

[
g(i)n (0)g(j)n (0)

]

=

q−1∑
i,j=0

λiλjEP⊗PX

[
1

n

(
n∑
k=1

ki

ni
akf

(i)(kX)

)(
n∑
r=1

rj

nj
arf

(j)(rX)

)]

=

q−1∑
i,j=0

λiλj
1

n

n∑
k,r=1

kirj

ni+j
E[akar]EX

[
f (i)(kX)f (j)(rX)

]

=

q−1∑
i,j=0

λiλj〈f (i), f (j)〉
1

n

n∑
k=1

ki+j

ni+j
=

1

n

n∑
k=1

∥∥∥∥∥
q−1∑
i=0

λif
(i) k

i

ni

∥∥∥∥∥
2

L2

=
1

n

n∑
k=1

ϕλq

(
k

n

)
where

ϕλq : x 7→

∥∥∥∥∥
q−1∑
i=0

λif
(i)(·)xi

∥∥∥∥∥
2

L2

is a non-negative continuous function on [0, 1]. Recognizing a Riemann sum, we deduce
that the sequence of quadratic forms (λ 7→ σ2

n(λ))n≥1 converge as n goes to infinity to
the quadratic form

λ 7→
∫ 1

0

ϕλq (x)dx.

But the latter is positive definite. Indeed, assume by contradiction that it vanishes for
λ ∈ IRq\{0}, it would imply that ||ϕλq (·)||1 = 0 and thus that for Lebesgue almost all
x ∈ [0, 1] and for all ξ ∈ [0, 2π],

q−1∑
i=0

λix
if (i)(ξ) = 0. (6)

Under the assumption (H2), we could then choose ξ = ξ0 where f(ξ0) 6= 0 in the previous
equality (6). Letting x go to zero would then yield

λ0f(ξ0) = 0 hence λ0 = 0.

In particular, Equality (6) could be rewritten as

q−1∑
i=1

λix
if (i)(ξ) = 0 =⇒

q−1∑
i=1

λix
i−1f (i)(ξ) = 0,

by dividing both sides by x 6= 0. Evaluating the last expression at ξ = ξ1 such that
f ′(ξ1) 6= 0 and letting again x go to zero would then yield λ1 = 0. Repeating the argument,
we would thus obtain λ0 = λ1 = · · · = λq−1 = 0, hence the contradiction. ut

Corollary 2. Under Condition (H2) and with the same notations as in Lemma 10, there
exists δ > 0 such that for n large enough and for all λ ∈ IRd with ||λ|| ≤ δ∣∣EP⊗PX

[
eiλ·Zn

]∣∣ ≤ e−κ8 ||λ||22 .



Universality for zeros of non-analytic random signals 15

Proof. Via a second order Taylor expansion of the characteristic function in the neigh-
borhood of zero, we have for ||λ|| ≤ δ small enough∣∣EP⊗PX

[
eiλ·Zn

]∣∣ ≤ 1− 1

4
σ2
n(λ) ≤ 1− κ

4
||λ||2 ≤ e−κ8 ||λ||

2
2 .

ut

Proposition 3. Under Condition (H2) and with the same notations as in Lemma 10,
there exists a constant Cq independent of n such that for n large enough

P⊗ PX
(
||Zn|| ≤

1√
n

)
≤ Cq
nq/2

.

Proof. We start by recalling Esseen concentration inequality, see e.g. Lemma 7.17 of [25],
if X is a random vector in IRq defined on a probability space (E, E ,P), then for any r > 0
and ε > 0,

sup
x∈IRq

P(||X − x|| ≤ r) ≤ κq,εrq
∫

s∈IRq
||s||≤ε/r

∣∣E [eis·X]∣∣ ds,
for some constant κd,ε depending only on d and ε. In our context, we have thus in
particular via Corollary 2, for n large enough, r = 1 and ε = δ

P⊗ PX
(
||Zn|| ≤

1√
n

)
≤ κq,ε

∫
s∈IRq
||s||≤δ

∣∣∣EP⊗PX

[
eis·
√
nZn
]∣∣∣ ds ≤ κq,δ ∫

s∈IRq
||s||≤δ

e−
κ
8 n||s||

2
2ds

≤ κq,δ
nq/2

∫
s∈IRq

e−
κ
8 ||s||

2
2ds =:

Cq
nq/2

.

ut

3.2 Application to average nodal asymptotics

Let us first give an a priori bound on the number of zeros. Assume (H2), in particular
the general function f can be written as a piecewise polynomial function with Cq([0, 2π])
regularity, with q = 7. More precisely, there exist an integer M , polynomial functions
P1, . . . , PM and knots s1 = sM+1 < s2 < · · · < sM in [0, 2π], with f =

∑M
i=1 Pi1[si,si+1[

(with periodicity).

Lemma 11. P−almost surely, we have

N (fn, [0, 2π]) = O(n2).

Proof. The set S := {σ1, σ2, . . . , } of the knots of the function fn(t) = 1√
n

∑n
k=1 akf(kt)

are the elements t ∈ [0, 2π] such that there exists k ∈ {1, . . . , n} for which kt = si
mod 2π, for some i ∈ {1, . . . ,M}. Since for 1 ≤ k ≤ n, any possible knot t = si

k gives itself
k knots by 2π-periodicity, we deduce that Card(S) ≤Mn2. Now, for i = 1, . . . ,Card(S)−
1, the restriction of fn on the interval [σi, σi+1], is a polynomial of degree at most d :=
max(d1, . . . , dM ) hence has at most d zeros on [σi, σi+1]. Therefore,

N (fn, [0, 2π]) ≤Mn2 × d = O(n2).

ut
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Remark that, contrary to the trigonometric case, the sequence n−1N (fn, [0, 2π]) is here
not bounded, so that establishing its uniform integrability requires a careful examination.

Proposition 4. Under (H2), there exists a constant η > 0 such that

sup
n≥1

EP⊗PX

[
|N (gn, [0, 2π])|1+η

]
< +∞.

Proof. Using the previous quadratic bound for the number of real zeros, Fubini inversion
gives

EP⊗X

[
|N (gn, [0, 2π])|1+η

]
= (1 + η)

O(n2)∑
p=0

pηP⊗ PX (N (gn, [0, 2π]) > p) .

Since we interested in the finiteness of the last sum, we can of course skip a finite number
of terms. Let us fix α < 2 to be determined latter and first consider the case where
25 ≤ p ≤ nα. By the pigeon hole principle, dividing the period [0, 2π] in b√pc intervals of
size δp := 1/b√pc, on the event {N (gn, [0, 2π]) > p}, there exists a small interval which
contains at least b√pc zeros. Under P⊗ PX , we have stationarity of the number of zeros
of gn in intervals of given length so that with a union bound we get

P⊗ PX(N (gn, [0, 2π]) > p) ≤ P⊗ PX

b√pc⋃
k=1

N (gn, [2π(k − 1)δp, 2πkδp]) > b
√
pc


≤
b√pc∑
k=1

P⊗ PX (N (gn, [2π(k − 1)δp, 2πkδp]) > b
√
pc)

≤ b√pc × P⊗ PX (N (gn, [0, 2πδp]) > b
√
pc) .

We can upper bound the last probability using the now standard iterated Rolle Lemma
procedure. Namely, we have

{N (gn, [0, 2πδp]) > 5} ⊆
4⋂
j=0

{
N (g(j)n , [0, 2πδp]) > 5− j

}
,

and for all j ∈ {0, . . . , 4}, on this event, by Taylor–Lagrange approximation, we have

sup
x∈[0,2πδp]

|g(j)n (0)| ≤ (2πδp)
5−j

(5− j)!
‖g(5)n ‖∞ , with ‖ · ‖∞ = ‖ · ‖L∞([0,2π]).

As a result for p ≥ 25,

P⊗ PX (N (gn, [0, 2πδp]) > b
√
pc) ≤ P⊗ PX (N (gn, [0, 2πδp]) > 5)

≤ P⊗ PX
(
|gn(0)| ≤ (2πδp)

5

5!
‖g(5)n ‖∞

)
≤ P⊗ PX

(
|gn(0)| ≤ (2πδp)

5

5!
M

)
+ P⊗ PX

(
‖g(5)n ‖∞ > M

)
,
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where M ≥ 0 is arbitrary. Let us first estimate the probability P ⊗ PX
(
‖g(5)n ‖∞ > M

)
,

for which Markov inequality yields

P⊗ PX
(
‖g(5)n ‖∞ > M

)
≤

EP⊗PX

[
‖g(5)n ‖2∞

]
M2

.

Comparing the uniform norm with Sobolev norm, see e.g. Lemma 5.15 p.107 of [1], there
exists a universal constant C > 0 such that

EP⊗PX

[
‖g(5)n ‖2∞

]
≤ C

(
EP⊗PX

[
‖g(5)n ‖22

]
+ EP⊗PX

[
‖g(6)n ‖22

])
.

Using Fubini inversion, for ` ∈ {5, 6}, we get

EP⊗PX

[
‖g(`)n ‖22

]
= EP⊗PX

[
1

2π

∫ 2π

0

|g(`)n (t)|2dt
]

=
1

2π

∫ 2π

0

EP⊗PX

[
|g(`)n (t)|2

]
dt.

We now state the following result, extending the uniform bound of Lemma 2 to the
derivatives of {gn(t)}t≥0. Its proof is postponed in Section 4.

Lemma 12. There exists Cf > 0 such that for ` ∈ {5, 6}

sup
n≥1

sup
t∈[0,2π]

EP⊗PX

[
|g(`)n (t)|2

]
≤ Cf .

We thus have the existence of a constant C(f) > 0 only depending on f such that

P⊗ PX(‖g(5)n ‖∞ > M) ≤ C(f)

M2
. (7)

Otherwise, recalling that gn(0) = fn(X) and using standard Berry–Esseen bounds which
can be established in the same manner as the CLT established in Theorem 2, we have if
Z ∼ N (0, 1)∣∣∣∣P⊗ PX

(
|gn(0)| ≤ (2πδp)

5

5!
M

)
− P⊗ PX

(
|Z| ≤ (2πδp)

5

5!
M

)∣∣∣∣ = O

(
1√
n

)
.

As a result, we get

P⊗ PX
(
|gn(0)| ≤ (2πδp)

5

5!
M

)
= O

(
δ5pM

)
+O

(
1√
n

)
. (8)

Combining the estimates (7) and (8), and optimizing in M , we deduce

P⊗ PX (N (gn, [0, 2πδp]) > b
√
pc) = O

(
δ5pM

)
+O

(
1√
n

)
+O

(
1

M2

)

= O
(
δ

10
3
p

)
+O

(
1√
n

)
.
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Recalling that δp = 1/b√pc, we get for 25 ≤ p ≤ nα

pηP⊗ PX(N (gn, [0, 2π]) > p) = pηb√pc
(
O
(
δ

10
3
p

)
+O

(
1√
n

))

= O

(
1

p
7
6−η

)
+O

(
pη
b√pc
√
n

)
.

Therefore, for 0 < η < 1/6 and α < 1/(3 + 2η) so that α(η + 3/2)− 1/2 < 0, we have as
n goes to infinity

nα∑
p=25

pηP⊗ PX(N (gn, [0, 2π]) > p) = O(1) +O
(
nα(η+3/2)−1/2

)
= O(1) + o(1).

Let us now consider the case where p ≥ nα. We fix 0 < β < α and proceed as above,
namely we divide the whole period [0, 2π] in small intervals of size 1/bnβc. On the event
{N (gn, [0, 2π]) > p}, there exists a small interval on which gn has at least nα−β zeros.
Using again an union bound and the stationarity of the fields under P⊗ PX , we get this
time

P⊗ PX(N (gn, [0, 2π]) > p) ≤ bnβc × P⊗ PX
(
N
(
gn,

[
0,

2π

bnβc

])
> bnα−βc

)
.

Since β < α, we have nα−β > 2q for n large enough for any given integer q to be fixed
later, and iterating q−times Rolle Lemma, we deduce as above that, for M > 0 to be
specified later, this last expression can be upper bounded by

bnβc
[
P⊗ PX

(
||(gn(0), . . . , g(q−1)n (0))||∞ ≤

(
2π

bnβc

)q
M

)
+O

(
1

M2

)]
.

Note that, as above, the last bound O(1/M2) is obtained comparing uniform and Sobolev
norms, and thus requires the base signal f to be of class not only Cq but Cq+1. Let us
now choose M of the form M = nγ and q large enough that γ − βq ≤ −1/2 so that(

2π

bnβc

)q
M = O

(
1√
n

)
.

Then, using the small ball estimate established in Proposition 3, we get

P⊗ PX
(
||(gn(0), . . . , g(q−1)n (0))||∞ ≤

(
2π

bnβc

)q
M

)
= O

(
1

nq/2

)
.

As a result, we get

O(n2)∑
p=nα

pηP⊗ PX(N (gn, [0, 2π]) > p) = O
(
n2(1+η)+β−q/2

)
+O

(
n2(1+η)+β−2γ

)
.

We are then left to optimize the parameters η, α, β, γ, q. We can take η arbitrary small
but positive, and thus α arbitrary close to 1/3. Then β can be chosen arbitrary close to
α, and the constraints 2(1 + η) + β − q/2 ≤ 0 and 2(1 + η) + β − 2γ ≤ 0 yield q > 14/3,
γ > 14/12. In fine, the constraint γ − βq ≤ −1/2 yield q > 5, so that q ≥ 6 is suitable.
Remembering that the comparison of uniform and Sobolev norms requires a regularity
exponent q+ 1, the above proof is licit as soon as the base function has regularity C7. ut
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Combining the last uniform integrability estimate established in Proposition 4 with
the convergence in distribution of the number of real zeros established in the second point
of Corollary 1, we obtain the convergence of the first moment.

Corollary 3. Under (H1) and (H2), assuming that the common law of the ak admits
a third moment,

lim
n→+∞

EP⊗PXN (gn, [0, 2π]) = EP⊗PXN (g∞, [0, 2π]).

Combining Equation (4) and Corollary 3, we thus get that

lim
n→+∞

E [N (fn, [0, 2π])]

n
= EP⊗PX [N (g∞, [0, 2π])] .

Thanks to Lemma 8, we have

EP⊗PXN (g∞, [0, 2π]) =
2√
3

√
〈f ′, f ′〉
〈f, f〉

,

which conclude the proof of Theorem 4. More generally, a similar proof would give that
for any interval [a, b] ⊂ [0, 2π],

lim
n→+∞

E[N (fn, [a, b])]

n
=
b− a
π
√

3

√
〈f ′, f ′〉
〈f, f〉

.

4 Proofs of technical lemmas

This last section is devoted to the proofs of the different technical lemmas stated in
Section 2 and dealing with the convergence of the variable fn(X) to a Gaussian limit and
more generally of the convergence of the process gn(t) = fn(X + t/n) to the universal
Gaussian process g∞.

4.1 Proof of Lemma 1

We give here the detailed proof of Lemma 1. Namely, recalling that

∆n(λ) := E
[∣∣∣EX [eiλfn(X) − e−λ

2

2 σ
2
n(X)]

]∣∣∣2] ,
we want to establish that if a1 admits a finite third moment and if f ∈ H1, there exists
a positive constant C such that

∆n(λ) ≤ C(λ2 + |λ|3)√
n

.

Developing the square under the expectation, if Y an independent copy of X, and if EX,Y
denotes the expectation with respect to PX ⊗ PY , by inverting the sums, we obtain

∆n(λ) = EX,Y [∆n,1(λ)] + EX,Y [∆n,2(λ)] + EX,Y [∆n,3(λ)] ,
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where

∆n,1(λ) := E[eiλ(fn(X)−fn(Y ))]− e−λ
2

2 E[(fn(X)−fn(Y ))2],

∆n,2(λ) := e−
λ2

2 E[(fn(X)−fn(Y ))2] − e−λ
2

2 (σ2
n(X)+σn(Y )2),

∆n,3(λ) := −
(
E
[
eiλfn(X)

]
− e−λ

2

2 σ
2
n(X)

)
e−

λ2

2 σ
2
n(Y )

−
(
E
[
e−iλfn(Y )

]
− e−λ

2

2 σ
2
n(Y )

)
e−

λ2

2 σ
2
n(X).

Let us first consider the term ∆n,1(λ). On the one hand, if we denote by φ the character-
istic function of a1, we have by independence of the coefficients ak that

E[eiλ(fn(X)−fn(Y ))] =

n∏
k=1

φ

(
λ√
n

(f(kX)− f(kY ))

)
.

On the other hand, we have

E[(fn(X)− fn(Y ))2] =
1

n

n∑
k=1

(f(kX)− f(kY ))2.

Since a1 has a finite third moment, the function log(φ) is three-time differentiable in
the neighborhood of zero. Using Taylor-Lagrange inequality and the fact that the ak are
centered with variance one, there exists constants η > 0 and C > 0 such that for∣∣∣∣log φ(u) +

u2

2

∣∣∣∣ < C|u|3, ∀|u| ≤ η.

By Sobolev embedding, if f ∈ H1, it is continuous and hence bounded on [0, 2π]. There-
fore, for all λ ∈ R and for n large enough we have, uniformly in 1 ≤ k ≤ n,∣∣∣∣ λ√n (f(kX)− f(kY ))

∣∣∣∣ ≤ η
and thus uniformly in 1 ≤ k ≤ n∣∣∣∣log

(
φ

(
λ√
n

(f(kX)− f(kY ))

))
+

1

2

λ2

n
(f(kX)− f(kY ))2

∣∣∣∣ ≤ 8C||f ||3∞|λ|3

n
√
n

.

Therefore, the exponential being Lipschitz, we get∣∣∣∣∣
n∏
k=1

φ

(
λ√
n

(f(kX)− f(kY ))

)
− e−λ

2

2 E[(fn(X)−fn(Y ))2]

∣∣∣∣∣ ≤ 8C||f ||3∞|λ|3√
n

,

and taking the expectation with respect to PX ⊗ PY , we deduce that

|EX,Y [∆n,1(λ)] | ≤ 8C||f ||3∞|λ|3√
n

.
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Proceeding in the exact same way, we have

|EX,Y [∆n,3(λ)] | ≤ 2C||f ||3∞|λ|3√
n

.

We are thus left with the term ∆n,2(λ). Using again the fact that the exponential function
is Lipschitz, we have

|EX,Y [∆n,2(λ)] | ≤ λ2EX,Y |E[fn(X)fn(Y )]| .

The conclusion of Lemma 1 then follows from the following decorrelation estimate.

Lemma 13. Suppose that the base function f satisfies the condition (H1), then there
exists a constant C = C(||f ||H1) such that

EX,Y [|E[fn(X)fn(Y )]|] ≤ C√
n
.

Proof (Proof of Lemma 13). We have

E[fn(X)fn(Y )] =
1

n

n∑
k,`=1

E[aka`]f(kX)f(`Y ) =
1

n

n∑
k=1

f(kX)f(kY ).

Since the base function f satisfies the condition (H1), it is the limit of its Fourier sums

SNf(x) :=
∑
|p|≤N f̂(p)eipx, and since it is centered, we have f̂(0) = 0. For any N , we

can then write

E[fn(X)fn(Y )] =
1

n

n∑
k=1

(f(kX)− SNf(kX)) f(kY )

+
1

n

n∑
k=1

SNf(kX) (f(kY )− SNf(kY )) +
1

n

n∑
k=1

SNf(kX)SNf(kY ).

Now taking the absolute value and the expectation under EX,Y , we get

EX,Y [|E[fn(X)fn(Y )]|] ≤ 1

n

n∑
k=1

EX [|f(kX)− SNf(kX)|]EY [|f(kY )|]

+
1

n

n∑
k=1

EX [|SNf(kX)|]EY [|f(kY )− SNf(kY )|] + EX,Y

[∣∣∣∣∣ 1n
n∑
k=1

SNf(kX)SNf(kY )

∣∣∣∣∣
]
.

Applying Cauchy–Schwarz inequality, we get for the first term on the right hand side

1

n

n∑
k=1

EX [|f(kX)− SNf(kX)|]EY [|f(kY )|] ≤ ||f − SNf ||2 × ||f ||2.
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The second term can be treated similarly, namely

1

n

n∑
k=1

EX [|SNf(kX)|]EY [|f(kY )− SNf(kY )|] ≤ ||f ||2 × ||f − SNf ||2.

For the third term, recalling that f̂(0) = 0, observe that

SNf(kX)SNf(kY ) =
∑

1≤|p|≤N,1≤|q|≤N

f̂(p)f̂(−q)eik(pX−qY )

and
1

n

n∑
k=1

eik(pX−qY ) = exp

(
i
n+ 1

2
(pX − qY )

)
1

n

sin
(
n
2 (pX − qY )

)
sin
(
pX−qY

2

) .

Therefore, applying once again Cauchy–Schwarz inequality (twice indeed), we deduce that
if Kn denotes the standard Fejér such that ||Kn||1 = 1

1

n

n∑
k=1

EX,Y [|SNf(kX)SNf(kY )|]≤
∑

1≤|p|≤N,
1≤|q|≤N

|f̂(p)f̂(−q)|EX,Y
[

1

n
Kn(pX − qY )

]1/2

=
1√
n

 ∑
1≤|p|≤N

|f̂(p)|

2

≤ 1√
n

 ∑
1≤|p|≤N

|f̂ ′(p)|2
 ∑

1≤|p|≤N

1

p2

 ≤ 2||f ′||22√
n

.

We thus get

EX,Y [|E[fn(X)fn(Y )]|] ≤ 2 ||f ||2 × ||f − SNf ||2 +
2||f ′||22√

n
.

Now by Parseval identity, we have

||f − SNf ||22 =
∑
|p|>N

|f̂(p)|2 =
∑
|p|>N

|f̂ ′(p)|2 × 1

p2
≤ ||f

′||22
N2

.

As a conclusion, choosing the threshold N = b
√
nc, we get indeed that there exists a

constant C = C(||f ||H1) such that

EX,Y [|E[fn(X)fn(Y )]|] ≤ C√
n
.

4.2 Proof of Lemma 2

We now give the proof of Lemma 2. Recall that the goal is to establish that there exists
a constant C = C(ω) such that P−almost surely

sup
n≥1

EX [fn(X)2] ≤ C, sup
n≥1,
M>n

EX


 1√

n

∑
M≤k≤M+n

akfk(X)

2
 ≤ C.
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We will give the proof of the first estimate as the proof of the second follows the exact
same lines. Developing the square, we have

EX [fn(X)2] =
1

n

n∑
k,`=1

aka`EX [f(kX)f(`X)].

As in the proof of Lemma 13 above, we can approximate f by its Fourier sum SNf and
decompose the product below as

f(kX)f(`X) = (f(kX)− SNf(kX)) f(`X) + SNf(kX) (f(`X)− SNf(`X))

+SNf(kX)SNf(`X),

so that

EX [fn(X)2]=
1

n

n∑
k,`=1

aka`EX [(f(kX)− SNf(kX)) f(`X)]

+
1

n

n∑
k,`=1

aka`EX [SNf(kX) (f(`X)− SNf(`X))] +
1

n

n∑
k,`=1

aka`EX [SNf(kX)SNf(`X)].

By Cauchy–Schwarz inequality, we have∣∣∣∣∣∣ 1n
n∑

k,`=1

aka`EX [(f(kX)− SNf(kX)) f(`X)]

∣∣∣∣∣∣ ≤
 1

n

n∑
k,`=1

|aka`|

 ||f − SNf ||2 × ||f ||2,
and similarly∣∣∣∣∣∣ 1n

n∑
k,`=1

aka`EX [SNf(kX) (f(`X)− SNf(`X))]

∣∣∣∣∣∣ ≤
 1

n

n∑
k,`=1

|aka`|

 ||f −SNf ||2×||f ||2.
For the last term, we use Minkowski inequality to deduce

1

n

n∑
k,`=1

aka`EX [SNf(kX)SNf(`X)] = EX

( 1√
n

n∑
k=1

akSNf(kX)

)2


= EX


∣∣∣∣∣∣
∑
|p|≤N

f̂(p)

(
1√
n

n∑
k=1

ake
ikpX

)∣∣∣∣∣∣
2
 ≤

 ∑
|p|≤N

|f̂(p)|EX

∣∣∣∣∣ 1√
n

n∑
k=1

ake
ikpX

∣∣∣∣∣
2
1/2


2

=

(
1

n

n∑
k=1

a2k

) ∑
|p|≤N

|f̂(p)|

2

≤

(
1

n

n∑
k=1

a2k

)
× 2||f ′||22.

Therefore, we have

EX [fn(X)2] ≤

 1

n

n∑
k,`=1

|aka`|

 ||f − SNf ||2 × ||f ||2 +

(
1

n

n∑
k=1

a2k

)
× 2||f ′||22.
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Choosing N = n, so that ||f−SNf ||2 = O(1/n), by the law of large numbers, we conclude
that there exists a constant C = C(ω) such that P−almost surely

sup
n≥1

EX [fn(X)2] ≤ C.

4.3 Proof of Lemma 3

This section is devoted to the proof of the continuity Lemma 3, namely our goal is to
establish that P−almost surely, there exists a constant C = C(ω) such that∣∣∣EX [eiZn(X,t,λ)]− EX

[
eiZn(X,s,µ)

]∣∣∣ ≤ C (||λ− µ||1 + ||λ||1 × ||t− s||∞) ,

where we recall that

Zn(X, t, λ) =

M∑
j=1

λjfn

(
X +

tj
n

)
, Zn(X, s, µ) =

M∑
j=1

µjfn

(
X +

sj
n

)
.

We have first, the exponential being Lipschitz and by the triangular inequality∣∣∣EX [eiZn(X,t,λ)]− EX
[
eiZn(X,s,µ)

]∣∣∣ ≤ EX [|Zn(X, t, λ)− Zn(X, s, µ)|]

≤
M∑
j=1

|λj |EX
[∣∣∣∣fn(X +

tj
n

)
− fn

(
X +

sj
n

)∣∣∣∣]+

M∑
j=1

|λj − µj |EX
[∣∣∣∣fn(X +

tj
n

)∣∣∣∣].
On the one hand, by Cauchy–Schwarz inequality and Lemma 2, P−almost surely, there
exists a constant C such that

sup
n≥1

EX
[∣∣∣∣fn(X +

tj
n

)∣∣∣∣] ≤ sup
n≥1

EX
[
|fn (X)|2

]1/2
≤ C.

On the other hand, by Cauchy–Schwarz inequality again, we have for 1 ≤ j ≤M

EX
[∣∣∣∣fn(X +

tj
n

)
− fn

(
X +

sj
n

)∣∣∣∣]2 ≤ EX

[∣∣∣∣fn(X +
tj
n

)
− fn

(
X +

sj
n

)∣∣∣∣2
]
.

By Lemma 7, we thus get for 1 ≤ j ≤M

EX
[∣∣∣∣fn(X +

tj
n

)
− fn

(
X +

sj
n

)∣∣∣∣]2≤ 12× |tj − sj |2 × ||f ′||22

(
1

n

n∑
k=1

a2k

)
.

Gathering the previous estimates we get indeed that P−almost surely, there exists a
constant C = C(ω) such that

∣∣∣EX [eiZn(X,t,λ)]− EX
[
eiZn(X,s,µ)

]∣∣∣ ≤ C
 M∑
j=1

|λj − µj |+ |λj | × |tj − sj |

 ,

hence the result.
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4.4 Proof of Lemma 4

We give now the proof of Lemma 4, which consists in showing that

lim
n→+∞

EX
[
e−

1
2E[Zn(X,t,λ)

2]
]

= exp

−1

2

M∑
i,j=1

λiλj ρ(ti − tj)

 ,

where we recall that

Zn(X, t, λ) :=

M∑
i=1

λign(ti) =

M∑
i=1

λifn

(
X +

ti
n

)
,

and

ρ(u) :=
1

u

∫ u

0

(f ∗ f̃)(x)dx =
1

u

∫ u

0

∑
p∈Z

f̂(p)f̂(−p)eipx
 dx

=
∑
p∈Z

f̂(p)f̂(−p)×
∫ 1

0

eipuxdx.

By independence of the coefficients (ak) we have

E[Zn(X, t, λ)2] =

M∑
i,j=1

λiλj
1

n

n∑
k=1

f

(
kX +

kti
n

)
f

(
kX +

ktj
n

)
.

Since the exponential is Lipschitz, in order to prove Lemma 4 it is sufficient to establish
that, for each fixed 1 ≤ i, j ≤M , we have

Rn(i, j) := EX

[∣∣∣∣∣ 1n
n∑
k=1

f

(
kX +

kti
n

)
f

(
kX +

ktj
n

)
− ρ(ti − tj)

∣∣∣∣∣
]

n→+∞−−−−−→ 0. (9)

As above, we now approximate f by its Fourier sum SNf , so that by triangular inequality,
we get

Rn(i, j) ≤ Rn,1(i, j) +Rn,2(i, j) +Rn,3(i, j)

with

Rn,1(i, j) = EX
[∣∣∣ 1n∑n

k=1 SNf
(
kX + kti

n

)
SNf

(
kX +

ktj
n

)
− ρ(ti − tj)

∣∣∣] ,
Rn,2(i, j) = EX

[∣∣∣ 1n∑n
k=1

(
f
(
kX + kti

n

)
− SNf

(
kX + kti

n

))
f
(
kX +

ktj
n

)∣∣∣] ,
Rn,3(i, j) = EX

[∣∣∣ 1n∑n
k=1 SNf

(
kX + kti

n

) (
f
(
kX +

ktj
n

)
− SNf

(
kX +

ktj
n

))∣∣∣] .
On the one hand, using triangular and Cauchy–Schwarz inequalities, we get uniformly in
n

Rn,2(p, q) ≤ ||f − SNf ||2||f ||2, Rn,3(p, q) ≤ ||f − SNf ||2||SNf ||2 ≤ ||f − SNf ||2||f ||2.
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On the other hand, expliciting SNf and ρ, by triangular inequality, we have

Rn,1(p, q) ≤
∑
|p|≤N

|f̂(p)|2
∣∣∣∣∣ 1n

n∑
k=1

ei
k
np(ti−tj) −

∫ 1

0

eip(ti−tj)xdx

∣∣∣∣∣
+
∑
|p|>N

|f̂(p)|2
∣∣∣∣∫ 1

0

eip(ti−tj)xdx

∣∣∣∣+ ∑
|p,q|≤N
p 6=−q

|f̂(p)f̂(q)|EX

∣∣∣∣∣ 1n
n∑
k=1

eik[(p+q)X+ 1
n (pti+qtj)]

∣∣∣∣∣.
Using standard estimates for Riemann sums, we get∣∣∣∣∣ 1n

n∑
k=1

ei
k
np(ti−tj) −

∫ 1

0

eip(ti−tj)xdx

∣∣∣∣∣ ≤ |p|n ,
and by Cauchy–Schwarz inequality, if Kn denotes again the standard Fejér kernel such
that ||Kn||1 = 1

EX

∣∣∣∣∣ 1n
n∑
k=1

eik[(p+q)X+ 1
n (pti+qtj)]

∣∣∣∣∣ ≤ 1√
n
EX

[
Kn

(
(p+ q)X +

pti + qtj
n

)]1/2
≤ 1√

n
.

As a result, we get

Rn,1(p, q) ≤ 1

n
×
∑
|p|≤N

|p| |f̂(p)|2 +
∑
|p|>N

|f̂(p)|2 +
1√
n

∑
p∈Z
|f̂(p)|

2

≤ ||f
′||22
n

+ ||f − SNf ||22 +
2||f ′||22√

n
.

Letting both n and N go to infinity, we deduce that for all 1 ≤ i, j ≤M , the asymptotics
(9) indeed holds, hence the result.

4.5 Proof of Lemma 5

Let us give the proof of Lemma 5 which asserts that there exists a constant C such that
P−almost surely

∆̃n := E
[∣∣∣EX [eiZn(X,t,λ)]− EX

[
e−

1
2E[Zn(X,t,λ)

2]
]∣∣∣2] ≤ C√

n
,

where we recall that

Zn(X, t, λ) =
1√
n

n∑
k=1

ak βk,n(X), with βk,n(X) :=

M∑
j=1

λjf

(
kX +

ktj
n

)
.

The proof of similar to the one of Lemma 1. Namely developping the square under the
expectation, if Y an independent copy of X, by inverting the sums, we obtain

∆̃n = EX,Y
[
∆̃n,1

]
+ EX,Y

[
∆̃n,2

]
+ EX,Y

[
∆̃n,3

]
,
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where, writing Zn(X) = Zn(X, t, λ) to simplify the expressions, we have set

∆̃n,1 := E[ei(Zn(X)−Zn(Y ))]− e− 1
2E[(Zn(X)−Zn(Y ))2],

∆̃n,2 := e−
1
2E[(Zn(X)−Zn(Y ))2] − e− 1

2 (E[(Zn(X)2]+E[(Zn(X)2]),

∆̃n,3 := −
(
E
[
eiZn(X)

]
− e− 1

2E[(Zn(X)2]
)
e−

1
2E[(Zn(Y )2]

−
(
E
[
e−iZn(Y )

]
− e− 1

2E[(Zn(Y )2]
)
e−

1
2E[(Zn(X)2].

Proceeding exactly as the proof of Lemma 1 with a Taylor expansion at zero of the
characteristic function φ of a1, the terms ∆̃n,1(t) and ∆̃n,3(t) can be controlled as follows,
for n large enough

|∆̃n,1| ≤
8C||f |3∞√

n

(
M∑
i=1

|λi|

)3

, |∆̃n,3| ≤
C||f |3∞√

n

(
M∑
i=1

|λi|

)3

.

Using the fact that the exponential is Lipschitz, we have otherwise

EX,Y
[
|∆̃n,2|

]
≤ EX,Y [|E[Zn(X)Zn(Y )]|] .

and the conclusion of Lemma 5 then follows from the next statement, which is multidi-
mensional analogue of Lemma 13 above.

Lemma 14. Suppose that the base function f satisfies the condition (H1), then there
exists a constant C = C(||f ||H1) such that

EX,Y [|E[Zn(X)Zn(Y )]|] ≤ C√
n
.

Proof (Proof of Lemma 14). The proof follows readily the one of Lemma 13 detailed in
Section 4.1 above. We have

E[Zn(X)Zn(Y )] =
1

n

n∑
k=1

βk,n(X)βk,n(Y )

=
∑

1≤i,j≤M

λiλj

(
1

n

n∑
k=1

f

(
kX +

kti
n

)
f

(
kY +

ktj
n

))
.

By the triangular inequality, it is thus sufficient to establish that, for any fixed 1 ≤ i, j ≤
M , we have

EX,Y

[∣∣∣∣∣ 1n
n∑
k=1

f

(
kX +

kti
n

)
f

(
kY +

ktj
n

)∣∣∣∣∣
]
≤ C√

n
.

One then proceed exactly as in the proof of Lemma 13 by approximating f by its Fourier
sum SNf to deduce that

EX,Y

[∣∣∣∣∣ 1n
n∑
k=1

f

(
kX +

kti
n

)
f

(
kY +

ktj
n

)∣∣∣∣∣
]
≤ 2 ||f ||2 ||f − SNf ||2 +

2||f ′||22√
n

.

Choosing N = b
√
nc then yields the result.
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4.6 Proof of Lemma 6

This section is devoted to the proof of Lemma 6. Namely, writing again Zn(X) =
Zn(X, t, λ) to simplify the expressions, where we recall that

Zn(X, t, λ) =
1√
n

n∑
k=1

ak βk,n(X), with βk,n(X) =

M∑
j=1

λjf

(
kX +

ktj
n

)
,

our goal is to show that as the integer m goes to infinity, if n is the unique integer such
that nγ < m ≤ (n+ 1)γ , then P−almost surely, we have for all 0 < α < 1/2∣∣∣EX [eiZnγ (X)

]
− EX

[
eiZm(X)

]∣∣∣ = O

((
1− nγ

m

)α)
.

Using again the fact that the exponential is Lipschitz, we have∣∣∣EX [eiZnγ (X)
]
− EX

[
eiZm(X)

]∣∣∣ ≤ EX [|Znγ (X)− Zm(X)|] .

Expliciting the absolute value, we get by the triangular inequality

EX [|Znγ (X)− Zm(X)|] ≤ EX [|U |+ |V |+ |W |] ,

where

U :=

(
1−

√
nγ

m

)(
1√
nγ

nγ∑
k=1

akβk,nγ (X)

)

V :=

√
1− nγ

m

(
1√

m− nγ
m∑

k=nγ+1

akβk,m(X)

)
,

W :=
1√
m

(
nγ∑
k=1

ak (βk,nγ (X)− βk,m(X))

)
.

Applying Cauchy–Schwarz inequality, we have

EX [|U |]2 ≤

(
1−

√
nγ

m

)2
 1

nγ

nγ∑
k,`=1

aka` EX [βk,nγ (X)β`,nγ (X)]


with

EX [βk,nγ (X)β`,nγ (X)] =

M∑
i,j=1

λiλjEX
[
f

(
kX +

kti
nγ

)
f

(
`X +

`tj
nγ

)]
.

Proceeding as in the proof of Lemma 2, i.e. approximating f by its Fourier sum SNf , one
then gets, uniformly in k, ` and i, j∣∣∣∣EX [f (kX +

kti
nγ

)
f

(
`X +

`tj
nγ

)]∣∣∣∣ ≤ ∣∣∣∣EX [SNf (kX +
kti
nγ

)
SNf

(
`X +

`tj
nγ

)]∣∣∣∣
+2||f − SNf ||2 × ||f ||2.
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Besides, by Minkowski inequality, we have

S :=

M∑
i,j=1

λiλj
1

nγ

nγ∑
k,l=1

aka` EX
[
SNf

(
kX +

kti
nγ

)
SNf

(
`X +

`tj
nγ

)]

= EX


∣∣∣∣∣∣
∑
|p|≤N

f̂(p)

M∑
j=1

λj
1√
nγ

nγ∑
k=1

ake
ip
(
kX+

kptj
nγ

)∣∣∣∣∣∣
2


≤

 ∑
|p|≤N

|f̂(p)|
M∑
j=1

|λj |EX

∣∣∣∣∣ 1√
nγ

nγ∑
k=1

ake
ip
(
kX+

kptj
nγ

)∣∣∣∣∣
2
1/2


2

=

 ∑
|p|≤N

|f̂(p)|
M∑
j=1

|λj |

(
1

nγ

nγ∑
k=1

a2k

)1/2
2

≤ 2

(
1

nγ

nγ∑
k=1

a2k

)
||f ′||22||λ||21.

As a result, we get that EX [|U |]2 is upper bounded by

2

(
1−

√
nγ

m

)2

||λ||21

 1

nγ

nγ∑
k,l=1

|aka`|

 ||f − SNf ||2 × ||f ||2 + ||f ′||22

(
1

nγ

nγ∑
k=1

a2k

) .
Choosing N = nγ , so that ||f − SNf ||2 = O(1/nγ), by the law of large numbers, we
conclude that there exists a constant C = C(ω) such that P−almost surely

EX [|U |]2 ≤ C

(
1−

√
nγ

m

)2

.

By the exact same arguments, there exists a constant C = C(ω) such that P−almost
surely

EX [|V |]2 ≤ C
(

1− nγ

m

)
.

For the last term, using again Cauchy–Schwarz inequality, we have

EX [|W |]2≤ 1

m

nγ∑
k,`=1

aka` EX [(βk,nγ (X)− βk,m(X))(β`,nγ (X)− β`,m(X))].

Moreover, a direct computation yields, uniformly in 1 ≤ j ≤M and 1 ≤ k ≤ nγ

EX
[∣∣∣∣SNf (kX +

ktj
nγ

)
− SNf

(
kX +

ktj
m

)∣∣∣∣] ≤
 ∑
|p|≤N

|f̂(p)|2
∣∣∣eip k

nγ tj − eip km tj
∣∣∣2
1/2

≤

 ∑
|p|≤N

|pf̂(p)|2
∣∣∣∣ knγ

(
1− nγ

m

)∣∣∣∣2
1/2

≤ ||f ′||2
(

1− nγ

m

)
.
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As a result, approximating f by its Fourier sum SNf , we get this time

EX [|W |]2≤ 4||λ||21
(
||f − SNf ||22 + ||f − SNf ||2||f ′||2

(
1− nγ

m

)) 1

m

nγ∑
k,l=1

|aka`|

+ T

where

T := EX


∣∣∣∣∣∣
∑
|p|≤N

f̂(p)

M∑
i=1

λi
1√
m

nγ∑
k=1

ake
ipkX

(
eip

k
nγ tj − eip km tj

)∣∣∣∣∣∣
2


≤

 ∑
|p|≤N

|f̂(p)|
M∑
i=1

|λi|EX

∣∣∣∣∣ 1√
m

nγ∑
k=1

ake
ipkX

(
eiptj

k
nγ − eiptj km

)∣∣∣∣∣
2
1/2


2

=

 ∑
|p|≤N

|f̂(p)|
M∑
i=1

|λi|

(
1

m

nγ∑
k=1

a2k

∣∣∣eip k
nγ tj − eip km tj

∣∣∣2)1/2
2

.

Since ∣∣∣eip k
nγ tj − eip km tj

∣∣∣2 ≤ |p|2||t||2∞(1− nγ

m

)2

,

we obtain

T ≤

 ∑
|p|≤N

|f̂(p)| × |p|

2

||λ||21 × ||t||2∞
(

1− nγ

m

)2
(

1

m

nγ∑
k=1

a2k

)
.

Choosing N = nγ , so that ||f − SNf ||2 = O(1/nγ), by the law of large numbers, we
conclude as above that there exists a constant C = C(ω) such that P−almost surely

EX [|W |]2 ≤ C
(

1− nγ

m

)2

,

hence the result.

4.7 Proof of Lemma 7

We now give the proof of Lemma 7 ensuring in particular the tightness of the family of
processes (gn)n≥1 in the C1−topology. For t 6= s we have

EX
[
|gn (t)− gn (s)|2

]
= EX

[∣∣∣∣fn(X +
t

n

)
− fn

(
X +

s

n

)∣∣∣∣2
]

= EX

∣∣∣∣∣ 1√
n

n∑
k=1

ak

(
f

(
kX +

kt

n

)
− f

(
kX +

ks

n

))∣∣∣∣∣
2
.
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As in the proofs of Lemmas 1 and 2 above, we can then approximate f by its Fourier sum
SNf . Doing so, we obtain after applying Cauchy–Schwarz inequality

EX
[
|gn (t)− gn (s)|2

]
≤ 4||f − SNf ||22

 1

n

n∑
k,`=1

|aka`|



+ 4||f − SNf ||2

 1

n

n∑
k,`=1

|aka`|EX

[∣∣∣∣SNf (kX +
kt

n

)
− SNf

(
kX +

ks

n

)∣∣∣∣2
]1/2

+EX

∣∣∣∣∣ 1√
n

n∑
k=1

ak

(
SNf

(
kX +

kt

n

)
− SNf

(
kX +

ks

n

))∣∣∣∣∣
2
.

Using Parseval inequality, a direct computation gives uniformly in 1 ≤ k ≤ n

EX

[∣∣∣∣SNf (kX +
kt

n

)
− SNf

(
kX +

ks

n

)∣∣∣∣2
]

=
∑
|p|≤N

|f̂(p)|2
∣∣∣eip kn t − eip kn s∣∣∣2

≤ ||f ′||22 × |t− s|2.

Besides, by Minkowski inequality, we have

An := EX

∣∣∣∣∣ 1√
n

n∑
k=1

ak

(
SNf

(
kX +

kt

n

)
− SNf

(
kX +

ks

n

))∣∣∣∣∣
2


= EX


∣∣∣∣∣∣
∑
|p|≤N

f̂(p)
1√
n

n∑
k=1

ake
ipkX

(
eip

k
n t − eip kn s

)∣∣∣∣∣∣
2


≤

 ∑
|p|≤N

|f̂(p)|EX

∣∣∣∣∣ 1√
n

n∑
k=1

ake
ipkX

(
eip

k
n t − eip kn s

)∣∣∣∣∣
2
1/2


2

=

 ∑
|p|≤N

|f̂(p)|

[
1

n

n∑
k=1

a2k

∣∣∣eip kn t − eip kn s∣∣∣2]1/2
2

.

≤ 4×

 ∑
|p|≤N

|f̂(p)| |p|

2

|t− s|2
(

1

n

n∑
k=1

a2k

)

≤ 4||f ′||22 × |t− s|2 ×

(
1

n

n∑
k=1

a2k

)
.
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Gathering all the previous estimates and choosing N large enough such that

||f − SNf ||2 ≤
1

n
× |t− s| × ||f ′||2,

we thus get

EX
[
|gn (t)− gn (s)|2

]
≤ 4× |t− s|2 × ||f ′||2

 1

n

n∑
k=1

a2k +

(
1 +

1

n

)(
1

n

n∑
k=1

|ak|

)2


≤ 12× |t− s|2 × ||f ′||22

(
1

n

n∑
k=1

a2k

)
.

In the same manner, if the base function f is of class C2, we have

EX
[
|g′n (t)− g′n (s)|2

]
= EX

∣∣∣∣∣ 1√
n

n∑
k=1

ak ×
k

n

(
f ′
(
kX +

kt

n

)
− f ′

(
kX +

ks

n

))∣∣∣∣∣
2
.

Replacing ak by ak × k/n et f by f ′ in the proof above, we get similarly

EX
[
|g′n (t)− g′n (s)|2

]
≤ 12× |t− s|2 × ||f ′′||22

(
1

n

n∑
k=1

a2k

)
.

4.8 Proof of Lemma 12

The proof follows the same lines as the one of Lemma 2. Developing the square, we have

EX [g(p)n (t)2] =
1

n

n∑
k,`=1

kp`p

n2p
aka`EX

[
f (p)

(
kX +

kt

n

)
f (p)

(
`X +

kt

n

)]
.

As in the proof of Lemma 13, we can decompose

Ip,k,`(X) := f (p)
(
kX +

kt

n

)
f (p)

(
`X +

kt

n

)

=

[
f (p)

(
kX +

kt

n

)
− SNf (p)

(
kX +

kt

n

)]
f (p)

(
`X +

`t

n

)

+SNf
(p)

(
kX +

kt

n

)[
f (p)

(
`X +

`t

n

)
− SNf (p)

(
`X +

`t

n

)]

+SNf
(p)

(
kX +

kt

n

)
SNf

(p)

(
`X +

`t

n

)
,
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so that

EX [g(p)n (t)2] =
1

n

n∑
k,`=1

kp`p

n2p
aka`EX [Ip,k,`(X)]

=
1

n

n∑
k,`=1

kp`p

n2p
aka`EX

[[
f (p)

(
kX +

kt

n

)
− SNf (p)

(
kX +

kt

n

)]
f (p)

(
`X +

`t

n

)]

+
1

n

n∑
k,`=1

kp`p

n2p
aka`EX

[
SNf

(p)

(
kX +

kt

n

)[
f (p)

(
`X +

`t

n

)
− SNf (p)

(
`X +

`t

n

)]]

+
1

n

n∑
k,`=1

kp`p

n2p
aka`EX

[
SNf

(p)

(
kX +

kt

n

)
SNf

(p)

(
`X +

`t

n

)]
.

By the triangular inequality and Cauchy–Schwarz inequality, we have

∣∣∣∣∣∣ 1n
n∑

k,`=1

kp`p

n2p
aka`EX

[[
f (p)

(
kX +

kt

n

)
− SNf (p)

(
kX +

kt

n

)]
f (p)

(
`X +

`t

n

)]∣∣∣∣∣∣
≤

 1

n

n∑
k,`=1

|aka`|

 ||f (p) − SNf (p)||2 × ||f (p)||2,

and similarly

∣∣∣∣∣∣ 1n
n∑

k,`=1

kp`p

n2p
aka`EX

[[
f (p)

(
kX +

kt

n

)
− SNf (p)

(
kX +

kt

n

)]
f (p)

(
`X +

`t

n

)]∣∣∣∣∣∣
≤

 1

n

n∑
k,`=1

|aka`|

 ||f (p) − SNf (p)||2 × ||f (p)||2.
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The last term can be rewritten as a square, and Minkowski inequality then yields

1

n

n∑
k,`=1

kp`p

n2p
aka`EX

[
SNf

(p)

(
kX +

kt

n

)
SNf

(p)

(
`X +

`t

n

)]

= EX

∣∣∣∣∣ 1√
n

n∑
k=1

kp

np
akSNf

(p)

(
kX +

kt

n

)∣∣∣∣∣
2


= EX


∣∣∣∣∣∣
∑
|r|≤N

f̂ (p)(r)

(
1√
n

n∑
k=1

kp

np
ake

ikr(X+t/n)

)∣∣∣∣∣∣
2


≤

 ∑
|r|≤N

|f̂ (p)(r)| × EX

∣∣∣∣∣ 1√
n

n∑
k=1

kp

np
ake

ikr(X+t/n)

∣∣∣∣∣
2
1/2


2

=

(
1

n

n∑
k=1

k2p

n2p
a2k

) ∑
|r|≤N

|f̂ (p)(r)|

2

≤

(
1

n

n∑
k=1

a2k

)
× 2||f (p+1)||22.

Therefore, uniformly on t ∈ [0, 2π],

EX [g(p)n (t)2] ≤

 2

n

n∑
k,`=1

|aka`|

 ||f (p) − SNf (p)||2 × ||f (p)||2 +

(
1

n

n∑
k=1

a2k

)
× 2||f (p+1)||22.

Choosing N = n, so that ||f (p) − SNf (p)||2 = O(1/n), by the law of large numbers, we
conclude that there exists a constant C = C(f, ω) such that P−almost surely

sup
n≥1

sup
t∈[0,2π]

EX [g(p)n (t)2] ≤ C.

Taking the expectation with respect to P, we have moreover

sup
n≥1

sup
t∈[0,2π]

EEX [g(p)n (t)2] ≤ ||f (p)||2 + 2||f (p+1)||22.
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