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Abstract

Federated learning on Riemannian manifolds enables collaborative training
without centralized data pooling when model parameters are intrinsically
constrained. Existing methods either rely on geometric operations lacking
closed-form expressions on key manifolds (such as the Stiefel manifold),
employ optimizer-specific gradient streams that incur information loss through
successive transports, or – even when computationally cheap – require drift
correction terms and full client participation. We propose two aggregation
strategies, RFedProj and RFedRL, that are optimizer-agnostic, lightweight
(requiring only standard projections and retractions), and support partial
participation without auxiliary correction. Both achieve identical convergence
rates under these relaxed conditions and data heterogeneity, with bounds
explicitly characterizing how participation ratio and heterogeneity interact
– mirroring classical Euclidean federated guarantees. Experiments on EEG
motor imagery classification with SPDNet on compact Stiefel manifolds
validate competitive performance against centralized and Euclidean baselines.
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1. Introduction

1.1. Motivation
Federated learning (FL) enables collaborative model training across dis-

tributed clients without exchanging raw data, making it well-suited to applica-
tions where data is scarce or subject-specific and where centralized pooling is
precluded by confidentiality or regulatory constraints [1, 2, 3]. In the standard
protocol, clients perform local training on their own data and periodically send
model updates to a central server, which aggregates them into a global model.
The canonical FedAvg algorithm [1] performs this aggregation via arithmetic
averaging – computationally simple and theoretically well-understood – with
extensions such as FedProx [3] and SCAFFOLD [4] handling partial client
participation and data heterogeneity. Deploying modern deep learning in this
framework, however, is costly: architectures with millions of parameters incur
prohibitive communication overhead when model updates are exchanged at
each round [5, 6]. For domains such as medical imaging, brain-computer
interfaces, and radar classification, an alternative approach leverages the
discriminative power of spatial covariance matrices [7, 8], motivating compact
models that preserve their symmetric positive definite (SPD) geometry [9].
Riemannian neural networks operating on SPD matrices, such as SPDNet [10]
and variants [11, 12, 13], achieve competitive accuracy with significantly
fewer parameters – a parameter efficiency particularly attractive for federated
settings where communication costs scale with model size. Beyond SPD ma-
trices, extending FL to Riemannian manifolds addresses applications where
parameters are intrinsically constrained like orthogonal matrices and low-rank
subspaces on the Grassmann manifold [14]. These models require Riemannian
optimization [15, 16], and their federated training faces a challenge absent in
Euclidean FL: naive averaging of client parameters may leave the manifold or
fail to produce geometrically meaningful aggregates.

Existing Riemannian FL methods address this aggregation challenge by
approximating the Fréchet mean [17] via one step of Karcher flow [18, 19]:
client models are lifted to the tangent space via the Riemannian logarithm,
averaged, and mapped back via the exponential map. Yet, on the Stiefel
manifold – central to SPDNet architectures – the logarithm lacks a closed-
form expression and requires iterative solvers [20], while the exponential
map involves costly matrix exponentials and is numerically unstable [21].
Retractions offer a practical alternative as first-order approximations of the
exponential map which project tangent vectors back onto the manifold [15, 16].
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On compact submanifolds such as Stiefel, projection-based retractions – which
map ambient Euclidean updates onto the constraint set – admit efficient closed-
form expressions [22]. Absil and Malick [22] established that such retractions
satisfy convergence requirements for first-order optimization methods; since
federated aggregation schemes like FedAvg are inherently first-order, these
guarantees extend naturally to the federated setting. Beyond computational
efficiency, compact smooth submanifolds are proximally smooth, ensuring
well-behaved nearest-point projections [23, 24] that enable direct transfer
of Euclidean convergence analyses. This regularity has been exploited for
stochastic projected gradient methods [25] and decentralized optimization [26].
We adapt these tools to the federated setting, addressing the joint challenge
of partial client participation and data heterogeneity.

1.2. Related work
Li and Ma [18] introduced RFedSVRG, the first general Riemannian FL

framework based on variance-reduced stochastic gradients, with subsequent
extensions incorporating differential privacy [19] and second-order Hessian
information [27, 28]. Yet, all these methods rely on Riemannian logarithms,
exponential maps and parallel transport, and their convergence guarantees
hold only for single local steps or single-agent scenarios – the difficulty of
bounding accumulated errors through repeated log/exp operations precludes
analysis with multiple local epochs. Moreover, the SVRG backbone requires
full gradient computation at each outer iteration, making it inherently in-
compatible with partial participation. Zhang et al. [29] addressed multiple
local epochs on compact submanifolds via projection-based updates with drift
correction, later extended to zeroth-order oracles [30]. Both achieve sublinear
convergence under data heterogeneity but assume full client participation.
The combination of projection-based aggregation, partial participation, and
multiple local epochs remains unexplored. An alternative paradigm is gradient-
stream aggregation [31], where clients accumulate stochastic gradients via
vector transport along their local optimization path; the server averages these
streams and retracts to obtain the next global model. However, this approach
is inherently tied to SGD and precludes alternative client optimizers such as
Adam [32] or momentum-based methods [33].

1.3. Contributions
We propose two projection-based Riemannian federated aggregation meth-

ods – RFedProj and RFedRL – that eliminate exponential maps, logarithms,
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Table 1: Comparison of Riemannian federated learning methods.

Method Manifold Aggregation Client sampling Local epochs Drift corr. Geometric ops

[18] General Parameters Full / single† τ ≥ 1† Yes Exp/Log, parallel transport
[19] General Parameters Full τ = 1 Yes/No Exp/Log, parallel transport
[27] General Parameters Full τ = 1 Yes Exp/Log, parallel transport
[28] General Parameters Full τ = 1 Yes Exp/Log, parallel transport
[29] Compact Parameters Full τ ≥ 1 Yes Projection only
[30] Compact Parameters Full τ ≥ 1 Yes Projection only
[31] General Gradients Arbitrary τ ≥ 1 No Retraction, vector transport
Ours Compact Parameters Arbitrary τ ≥ 1 No Projection only

†Convergence for τ ≥ 1 requires single-client participation (k = 1); full participation
(k = n) only analyzed for τ = 1.

parallel transport and gradient-stream transport while remaining optimizer-
agnostic and supporting arbitrary client sampling with multiple local epochs.
Our framework applies to compact smooth submanifolds, combining the algo-
rithmic structure of RFedAvg [18] with geometric tools from [29] and drawing
inspiration from retracted-lifted barycenters [21]. Table 1 summarizes the
key characteristics of existing approaches and our contributions. The main
contributions are:

• Projection-based aggregation. We introduce two server-side aggre-
gation mechanisms: RFedProj, which projects the Euclidean mean of
client models onto the manifold; and RFedRL, which lifts client dis-
placements onto the tangent space at the current global iterate, averages,
and retracts via nearest-point projection; requiring storage of the global
iterate, unlike RFedProj.

• Unified convergence analysis. Under Lipschitz-smooth client ob-
jectives and proximal smoothness of the manifold, we establish that
both RFedProj and RFedRL achieve O(1/

√
T ) convergence under partial

participation:

1

T

T−1∑
t=0

E∥ gradF (xt)∥2 = O
(

1√
T

)
+O

(
1

k
√
T
·
{
n− k

n− 1
σ2 +

σ2
sg

B

})
,

where σ2 quantifies client heterogeneity, σ2
sg captures stochastic gradient

noise, k/n is the participation ratio, and B is the minibatch size. The
variance term n−k

k(n−1)
σ2 explicitly captures how heterogeneity interacts
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with participation – mirroring Euclidean FL bounds [34] and confirming
that these trade-offs extend to manifolds using only cheap projections.
The two methods differ only in higher-order curvature terms; the analysis
relies on regularity of nearest-point projections [23, 25, 26] and a tube-
stability argument ensuring iterates remain within the well-behaved
tubular neighborhood.

• Numerical experiments. We validate our approach on EEG-based
motor imagery classification using SPDNet [10] with Stiefel-constrained
parameters across three MOABB benchmark datasets [35]: Weibo2014,
Schirrmeister2017, and PhysionetMI. We call this federated architecture
FedSPDNet, which can employ either RFedProj or RFedRL for server-
side aggregation. As Euclidean baseline, we consider FedEEGNet –
FedAvg applied to EEGNet [36]. Comparing the two, we find that: (i)
RFedProj and RFedRL yield statistically indistinguishable performance,
validating theoretical equivalence and favoring the simpler RFedProj in
practice; (ii) FedSPDNet exhibits lower performance degradation relative
to its centralized baseline than FedEEGNet, demonstrating implicit
regularization against client drift; and (iii) FedSPDNet scales more
gracefully with federation size, with significantly smaller degradation
when doubling client count compared to FedEEGNet. These results
suggest that projection-based Riemannian FL is well-suited for multi-site
BCI deployments.

2. Riemannian geometry background

Manifold setup and metric. LetM be a compact C∞ submanifold embedded
in Rd×p. The Frobenius inner product ⟨ξ, η⟩ = tr(ξ⊤η) on the ambient space
restricts to each tangent space TxM – the space of velocity vectors of smooth
curves through x – turningM into a Riemannian manifold; we write ∥ · ∥ for
the associated norm. The orthogonal projector Px : Rd×p → TxM maps any
ambient vector w to its closest element in TxM:

Px(w) = arg min
u∈TxM

∥w − u∥2.

Riemannian gradient. The Riemannian gradient of a smooth function f :
M → R at x ∈ M is the unique vector grad f(x) ∈ TxM satisfying
Df(x)[ξ] = ⟨grad f(x), ξ⟩ for all ξ ∈ TxM. In our embedded setting, if
f admits a smooth extension f̃ : Rd×p → R, then grad f(x) = Px(∇f̃(x)),
where ∇f̃(x) is the Euclidean gradient [15].
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Geodesics and exponential map. A geodesic is a curve that locally minimizes
arc length – the Riemannian analogue of straight lines in curved spaces. The
Riemannian distance d(x, y) is the length of a shortest geodesic connecting
x and y. The exponential map Expx : TxM→M sends ξ ∈ TxM to γ(1),
where γ is the geodesic with γ(0) = x and γ̇(0) = ξ; its local inverse is the
logarithmic map Logx. On key manifolds such as the Stiefel manifold, the
exponential map is computationally expensive and the logarithmic map lacks
a closed-form expression [20].

Retractions and projections. In Riemannian optimization, retractions serve
as computationally efficient substitutes for the exponential map [15, 16]. A
smooth mapping Rx : TxM→M, defined for each x ∈M, is a retraction if
Rx(0) = x and DRx(0)[u] = u for all u ∈ TxM – that is, it coincides with the
exponential map to first order. On compact submanifolds, a natural choice is
the projection-based retraction [22]. Define the nearest-point projection onto
M as

PM(y) := arg min
x∈M

1
2
∥y − x∥2,

which is unique when y lies sufficiently close to M. The projection-based
retraction is then

Rx(u) := PM(x+ u), x ∈M, u ∈ TxM. (1)

Proximal smoothness and tubular neighborhoods. The projection-based re-
traction (1) is well-defined only when the projection is unique. Proximal
smoothness formalizes this requirement: for γ > 0, define the open tube
UM(γ) := {y ∈ Rd×p : dist(y,M) < γ}, where dist(y,M) := infx∈M ∥y − x∥.
The manifoldM is γ-proximally smooth if PM(y) is unique for all y ∈ UM(γ).
Any compact smooth embedded submanifold is proximally smooth for some
γ > 0 [23, 25]. Within the tube, the projection enjoys strong regularity
properties that enable our analysis (see Supplementary material, Section S1).

Example: the Stiefel manifold. The Stiefel manifold St(d, p) = {X ∈ Rd×p :
X⊤X = Ip}, consisting of d × p matrices with orthonormal columns, is a
compact, proximally-smooth C∞ submanifold of Rd×p. It arises naturally in
SPDNet [10], where spatial filtering layers are parameterized by orthogonal
matrices. The tangent space at X is

TXSt(d, p) = {ξ ∈ Rd×p : X⊤ξ + ξ⊤X = 0},
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with orthogonal projector

PX(ξ) = ξ −X sym(X⊤ξ), sym(A) := 1
2
(A+ A⊤). (2)

The nearest-point projection admits the closed form

PSt(d,p)(A) = A(A⊤A)−1/2 =: uf(A), (3)

where uf(·) denotes the orthogonal polar factor, computable via a single thin
SVD [22].

3. Riemmanian Federated Learning framework

3.1. Problem formulation
We consider a cross-device federated learning (FL) protocol involving a

central server and n distributed clients, each holding a private local dataset
that cannot be shared due to confidentiality, communication, or regulatory
constraints. The global learning task is the manifold-constrained empirical
risk minimization

x⋆ ∈ arg min
x∈M

F (x), F (x) :=
1

n

n∑
i=1

fi(x), (4)

where for i = 1, . . . , n the functions fi :M→ R are C1 client local objectives.
Each client i has access to a local data distribution Di, and its objective is
defined as the expected risk fi(x) = Ez∼Di

[fi(x; z)], where z denotes a data
sample and fi(x; z) is the per-sample loss. In practice, the local distributions
{Di}ni=1 are often heterogeneous (non-i.i.d.), posing significant challenges
for convergence analysis [3]. Table 2 summarizes the key notation used
throughout the paper.

3.2. Federated training protocol
The training workflow (see Figure 1) proceeds through a sequence of

communication rounds orchestrated by the central server. At round t, the
server holds a global model xt ∈ M and broadcasts it to a selected subset
of clients. Due to system constraints such as limited bandwidth, device
availability, or energy considerations, only a fraction of clients participate in
each round: a subset St ⊂ [n] of size k ∈ {1, . . . , n} is sampled uniformly at
random without replacement. This partial participation regime is standard in
cross-device FL, where many clients may be enrolled but only a small fraction
are active at any given time [5, 6].
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Global Server
xt → xt+1

Client 1
D1

Client 2
D2

Client 3
D3

Client 4
D4

Client 5
D5

xt x
(1)
t,τ

xt

x
(2)
t,τ

xt

x
(3)
t,τ

Figure 1: At each round t, the central server coordinates training by sharing global model
parameters xt with selected clients St, which update based on their local datasets Di and
return model updates {x(i)

t,τ}i∈St
. Raw data is never transmitted.

Local optimization. Upon receiving the global model xt, each selected client
i ∈ St initializes its local model to xt and performs τ ≥ 1 local optimization
steps. Riemannian FL methods [18] typically rely on the exponential map for
gradient descent [37]:

x
(i)
t,ℓ+1 ← Exp

x
(i)
t,ℓ

(
−η grad fi(x(i)

t,ℓ)
)
. (5)

In our framework, we replace the exponential map with the projection-based
retraction (1) [22] and use stochastic gradient estimators ĝradfi(x

(i)
t,ℓ):

x
(i)
t,ℓ+1 ← R

x
(i)
t,ℓ
(−ηĝradfi(x(i)

t,ℓ) = PM
(
x
(i)
t,ℓ − η ĝradfi(x

(i)
t,ℓ)
)
. (6)

After completing τ local steps, client i sends its updated model x(i)
t,τ ∈ M

to the server. Only model parameters are communicated – not raw data –
thereby preserving data locality.

Server aggregation challenge. The server aggregates the received client models
{x(i)

t,τ}i∈St into an updated global model xt+1 ∈M. In Euclidean FL, this is
typically a simple arithmetic mean (FedAvg [1]):

xt+1 ←
1

k

∑
i∈St

x
(i)
t,τ . (7)

However, when the parameter space is a Riemannian manifold, naive Euclidean
averaging is problematic: on the Stiefel manifold, the mean lies outsideM;
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on SPD matrices, it remains inM but does not coincide with geometrically
meaningful averages. A natural alternative is the Fréchet mean [17]:

xt+1 ← arg min
x∈M

1

k

∑
i∈St

d2(x, x
(i)
t,τ ), (8)

which generally lacks a closed-form solution. Existing methods approximate
it via one step of Karcher flow [18, 19]:

xt+1 ← Expxt

(
1

k

∑
i∈St

Logxt
(x

(i)
t,τ )

)
, (9)

or using gradient-stream aggregation [31], where each client accumulates
stochastic gradients transported back to the tangent space at xt:

xt+1 ← Rxt

(
−αt

1

k

∑
i∈St

ζ(i)τ

)
, with ζ(i)τ =

τ−1∑
s=0

T
x
(i)
t,s→xt

(
g
(i)
t,s

)
, (10)

where g
(i)
t,s is the stochastic gradient at client i’s local iterate x

(i)
t,s and T

x
(i)
t,s→xt

denotes vector transport to TxtM. This approach represents model displace-
ments through accumulated stochastic gradients transported to a common
tangent space – an expression that is exact in the Euclidean setting and
constitutes a first-order approximation on manifolds, avoiding exponential
and logarithmic maps entirely. However, the formulation is inherently tied to
SGD: since ζ

(i)
τ is constructed by summing gradient directions along the local

path, it assumes updates follow the negative gradient, precluding alternative
optimizers such as Adam or momentum-based methods.

These approaches face distinct limitations: Karcher flow (9) requires loga-
rithmic and exponential maps lacking closed-form expressions on key mani-
folds; gradient-stream aggregation (10) avoids these primitives but restricts
clients to SGD. Recent projection-based methods [29] are computationally ef-
ficient but rely on drift correction and full participation. We next propose two
lightweight alternatives that aggregate final client iterates rather than gradient
streams, requiring neither costly geometric operations nor drift correction,
while supporting partial participation and arbitrary client optimizers.

3.3. Proposed server aggregation strategies
The federated aggregation (9) can be interpreted as computing a Rieman-

nian barycenter of local model updates with respect to the current global
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Table 2: Summary of notations.

Symbol Description Symbol Description

M Compact submanifold of Rd×p Px Projector onto TxM
TxM Tangent space at x PM Nearest-point projection onto M
∥ · ∥ Frobenius norm grad f(x) Riemannian gradient at x

n Total clients τ Local steps per round
k Clients per round η Local learning rate
St Selected clients at round t T Communication rounds

F (x) Global objective 1
n

∑n
i=1 fi(x) xt Global model at round t

fi(x) Local objective of client i x
(i)
t,ℓ Local model of client i

Di Data distribution of client i ĝradfi Stochastic gradient estimator

iterate. Motivated by the analysis of retracted-lifted (RL) barycenters on
compact submanifolds in [21], we propose two computationally lightweight
alternatives that operate in the ambient Euclidean space and exploit the
well-behaved projection operators guaranteed by proximal smoothness.

Let xt ∈M denote the current global iterate at round t, and let {x(i)
t,τ}i∈St ⊂

M be the updated model parameters returned by the selected client subset
St of size k.

RFedProj: Projection Averaging. The simplest approach computes the Eu-
clidean mean of client iterates in the ambient space and projects the result
ontoM:

xRFedProj
t+1 ← PM

(
1

k

∑
i∈St

x
(i)
t,τ

)
. (11)

This scheme requires no tangent-space computation and does not require the
server to store the previous iterate xt.

RFedRL: Retracted-Lifted Averaging. This scheme directly implements the
federated analogue of the RL-barycenter construction: each client displace-
ment x(i)

t,τ −xt is lifted to the tangent space TxtM via the orthogonal projector
Pxt , the lifts are averaged, and the result is mapped back to M via the
projection-based retraction (1):

xRFedRL
t+1 ← PM

(
xt +

1

k

∑
i∈St

Pxt

(
x
(i)
t,τ − xt

))
. (12)

Compared to gradient-stream aggregation (10), which reconstructs model
displacements by summing vector-transported gradients along the local opti-
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Algorithm 1 Riemannian FL Framework: RFedProj / RFedRL
Require: n: total clients; k: clients per round; τ : local steps; Agg ∈
{RFedProj,RFedRL}; LocalOpt: client optimizer

1: Initialize x0 ∈M
2: for t = 0 to T − 1 do
3: Sample St ⊂ [n] uniformly without replacement, |St| = k
4: for all i ∈ St in parallel do
5: x

(i)
t,τ ← LocalOpt(xt, fi,Di, τ) ▷ Any Riemannian optimizer

6: Client i sends x
(i)
t,τ to server

7: xt+1 ← Agg
(
{x(i)

t,τ}i∈St , xt

)
▷ Eq. (11) or (12)

8: return xT

mization path, RFedRL directly lifts the final displacement x
(i)
t,τ − xt to the

tangent space – capturing the cumulative effect of all local updates in a single
projection, without vector transport. Both RFedProj and RFedRL preserve
manifold feasibility while relying exclusively on standard linear algebra and
nearest-point projections, avoiding Riemannian logarithms and exponential
maps. Since the server aggregates only final client iterates and performs a
single projection step, they are inherently optimizer-agnostic: each client
may employ a distinct local solver – SGD, momentum methods, or adaptive
algorithms such as Adam – and the aggregation remains well-defined regard-
less of how individual clients reached their final iterates. This decoupling
is particularly valuable in heterogeneous deployments where clients have
different computational capabilities or optimizer preferences [3, 5].

3.4. Algorithm
The proposed framework decouples server-side aggregation from client-

side optimization. Algorithm 1 presents the generic protocol: clients perform
τ local updates using any manifold-compatible optimizer, and the server
aggregates via RFedProj or RFedRL.

For theoretical analysis (Section 4), we instantiate LocalOpt with pro-
jected stochastic gradient descent:

x
(i)
t,j+1 ← PM

(
x
(i)
t,j − η ĝradfi(x

(i)
t,j)
)
. (13)

While the aggregation is optimizer-agnostic, our convergence analysis assumes
local SGD. Experiments use Adam, which falls outside the theory but reflects
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common practice where adaptive methods outperform SGD despite lacking
formal guarantees in the federated setting.

4. Convergence analysis

4.1. Assumptions
We state the geometric and statistical assumptions underlying our conver-

gence analysis.

Assumption 4.1. The manifoldM is compact and is 2γ-proximally smooth.

These conditions, standard in projection-based Riemannian optimiza-
tion [30, 29], ensure the nearest-point projection PM is single-valued and
smooth within the tube UM(2γ). In our analysis, the step size η and number
of local updates τ are chosen to keep all iterates within UM(γ) ⊂ UM(2γ) –
the geometric analogue of a stability region in Euclidean optimization.

Assumption 4.2 (Stochastic gradients with minibatches). For each client i,
there is a data distribution Di such that

fi(x) = Ez∼Di

[
fi(x; z)

]
,

and the algorithm observes stochastic gradients via minibatches of size B:

ĝradfi(x) =
1

B

B∑
b=1

grad fi(x; zb), zb ∼i.i.d. Di.

We assume for all i, all x ∈M, and all minibatches:

(a) Unbiasedness: E[ĝradfi(x) | x] = grad fi(x).

(b) Bounded variance (per sample): there exists σ2
sg <∞ s.t.

E
[
∥ĝradfi(x)− grad fi(x)∥2 | x

]
≤

σ2
sg

B
.

(c) Uniform boundedness: the per-sample gradients are uniformly bounded,

max
i

sup
x∈M,z

∥ grad fi(x; z)∥ ≤ G.

In particular, ∥ĝradfi(x)∥ ≤ G almost surely.
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These conditions are standard in stochastic optimization on manifolds [37, 38]
and federated learning [4]. We also assume that, conditional on the past,
client subsampling St and all minibatch draws {B(i)

t,j} are independent across
t, across i, and across j.

We state the following tube smoothness assumption, similar to Assumption
4.1 in [26].

Assumption 4.3 (Tube-local smoothness). Each client objective fi admits a
C1 extension to UM(2γ) with Euclidean gradient ℓi-Lipschitz:

∥∇fi(x)−∇fi(y)∥ ≤ ℓi ∥x− y∥ ∀x, y ∈ UM(2γ).

Under Assumption 4.3, the global objective F has its gradient ℓ̄-Lipschitz,
where ℓ̄ := 1

n

∑n
i=1 ℓi. Requiring a C1 extension with Euclidean ℓi-Lipschitz

gradients lets us apply standard smooth analysis to both client-side drifts
and server-side averaging.

Assumption 4.4 (Global objective lower bound). The global objective F is
such that

F∗ := inf
x∈M

F (x) > −∞.

To quantify data heterogeneity across clients, we adopt the bounded
gradient dissimilarity assumption, standard in federated optimization [4, 34].

Assumption 4.5 (Client-gradient heterogeneity). There exists σ2 ≥ 0 such
that

sup
x∈M

1

n

n∑
i=1

∥∥ grad fi(x)− gradF (x)
∥∥2 ≤ σ2.

The parameter σ2 quantifies how far individual client gradients deviate
from the global gradient at any point onM.

4.2. Main result
Theorem 4.6 shows that both RFedProj (11) and RFedRL (12) achieve

the same convergence rate, with guarantees that parallel classical Euclidean
results [34, 39, 4] while improving upon existing Riemannian FL methods [29,
18]. Indeed, compared to prior work: (i) we avoid the exponential maps,
logarithms, and parallel transport required by [18, 19], using only projections;
(ii) we support multiple local epochs (τ > 1), whereas [18, 19] guarantee
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convergence only for τ = 1; (iii) unlike [29, 30], we handle partial participation
without drift correction; and (iv) unlike gradient-stream methods [31], our
bounds hold for any client optimizer.

Theorem 4.6. Under the previous assumptions, for both RFedProj and
RFedRL, pick

αT = min
{
γ/(4G), 1/(4LM), c/

√
T
}
, c > 0.

Then

1

T

T−1∑
t=0

E∥ gradF (xt)∥2 = O

(
1√
T

(
1 +

1

k

(
n− k

n− 1
σ2 +

σ2
sg

B

)))
.

The bound decomposes into three terms: (i) an optimization error decay-
ing at rate O(1/

√
T ), (ii) a heterogeneity term σ2 scaled by the participation

ratio (n − k)/((n − 1)k), and (iii) stochastic gradient variance σ2
sg/B re-

duced by minibatch averaging. The factor (n− k)/((n− 1)k) captures the
communication-convergence trade-off: it vanishes under full participation
(k = n), equals 1 for single-client sampling (k = 1), and scales as ≈ 1/k for
k ≪ n. The O(1/

√
T ) rate requires T ≥ T0 := 16c2max{G2/γ2, L2

M} with
LM = ℓ̄+G/(2γ); for smaller T , the stepsize is constrained by geometry and
convergence proceeds at O(1/T ). All implicit constants depend polynomially
on problem parameters (G, ℓ̄, γ, LdP) but are independent of n, k, and T .

4.3. Proof outline
Throughout the analysis, the key quantity governing both tube stability

and convergence rate is the aggregate stepsize α := ητ , representing the total
step taken per communication round. Our convergence analysis proceeds in
four main steps. The detailed proofs can be found in Supplementary material
(Sections S2–S5).

4.3.1. Tube-stability and linearization
By Assumption 4.1, the projection PM is single-valued and smooth on

UM(2γ). The stepsize constraint α ≤ γ/(4G) ensures that all client iterates
and their averages remain within the smaller tube UM(γ) ⊂ UM(2γ), provid-
ing a safety margin that guarantees well-posedness of all projection operations
throughout the algorithm.
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Lemma 4.7 (Tube-stability and linearization). If α ≤ γ/(4G), then for all
rounds t, clients i ∈ St, and local steps j ∈ {0, . . . , τ}:

(a) Path length: ∥x(i)
t,j − xt∥ ≤ 2Gηj ≤ γ/2.

(b) Feasibility: All retractions x(i)
t,j+1 = PM

(
x
(i)
t,j − η ĝradfi(x

(i)
t,j)
)

are uniquely
defined.

(c) Linearization: Let ζ(i)t,j := ĝradfi(x
(i)
t,j)− grad fi(x

(i)
t,j). We have

x
(i)
t,τ − xt = −η

τ−1∑
j=0

grad fi(xt)− η
τ−1∑
j=0

ζ
(i)
t,j +O(α2(1 + ℓi)). (14)

(d) Aggregation feasibility: Both st :=
1
k

∑
i∈St

x
(i)
t,τ and ut :=

1
k

∑
i∈St

Pxt(x
(i)
t,τ−

xt) are such that ∥st − xt∥ ≤ 2Gα, ∥ut∥ ≤ 2Gα and therefore lie within
distance γ/2 of M, so PM(st) and PM(xt + ut) are uniquely defined.

The result (14) overcomes the loss of linearity at client level, created by
the use of true exponential and logarithmic maps in [18, 19]. Indeed, in their
approach, the main obstacle to tackling τ > 1 with multiple selected clients
is the combination of non-linear key quantities:

Log
x
(i)
t,j
(x

(i)
t,j+1)← −η grad fi(x

(i)
j ).

In our approach, the linear approximation given by the retraction with the
quadratic remainder characterization (Supplementary Material, Lemma S1.2).

PM(x+ u) = x+ Pxu+O(∥u∥2) (15)

enables to bypass these difficulties and obtain (14) via telescoping.

4.3.2. Bias quantification
Recall that

xRFedProj
t+1 = PM

(
1

k

∑
i∈St

x
(i)
t,τ

)
, xRFedRL

t+1 = PM

(
xt +

1

k

∑
i∈St

Pxt(x
(i)
t,τ − xt)

)
.

We express the server update displacement as −α · (sample gradient)+ (bias),
where the bias arises from curvature and gradient drift during local steps. The
two aggregation schemes (RFedRL and RFedProj) differ only in higher-order
curvature terms.
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Lemma 4.8 (Aggregation bias). Under α ≤ γ/(4G), both RFedRL and
RFedProj satisfy

xt+1 − xt = −α
1

k

∑
i∈St

grad fi(xt) + b̄t + ξt,

where Et[∥b̄t∥] = O(α2),Et[∥b̄t∥2] = O(α4), and Et[ξt] = 0,Et[∥ξt∥2] =

O
(

α2

kB
σ2

sg

)
.

This results bypasses the loss of linearity at server level occuring when
using true exponential and logarithmic maps (see [18, 19]):

Logxt
(xt+1)←

1

k

∑
i∈St

Logxt
(x

(i)
t,τ )

Keeping the same notation as in Lemma 4.7, let us denote by st the extrincic
average 1

k

∑
i∈St

x
(i)
t,τ and ut the tangent average 1

k

∑
i∈St

Pxt(x
(i)
t,τ − xt). Estab-

lishing Lemma 4.8 relies on (14) from Lemma 4.7 (c) and the central following
identity:

Pxt(st − xt) = Pxt

(
1

k

∑
i∈St

x
(i)
t,τ − xt

)
=

1

k

∑
i∈St

Pxt(x
(i)
t,τ − xt) = ut, (16)

so that the quadratic remainder decomposition (15) yields the same bias
decomposition for both aggregation strategies RFedProj and RFedRL. Indeed,
since st = xt + (st − xt),

xRFedProj
t+1 − xt = PM(st)− xt = Pxt(st − xt) +O(∥st − xt∥2) (17)

and
xRFedRL
t+1 − xt = PM(xt + ut)− xt = ut +O(∥ut∥2), (18)

with O(∥ut∥2) = O(∥st − xt∥2) = O(α2) using inequalities from Lemma 4.7
(d).

4.3.3. One-round expected descent
In order to obtain a descent inequality, we rely on the fact (Lemma 4.2 in

[26]) that, under our assumptions, there exists an explicit geometric constant
LM > 0 such that

F (xt+1) ≤ F (xt) + ⟨gradF (xt), xt+1 − xt⟩+
LM

2
∥xt+1 − xt∥2, (19)
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which is also central to the approaches carried out in [29, 30]. Inequality (19)
generalizes the classical inequality

F (xt+1) ≤ F (xt) + ⟨gradF (xt), logxt
(xt+1)⟩+

L

2
∥ logxt

(xt+1)∥2, (20)

used in [18, 19] without resorting to exponential and logarithmic mappings.
Combining manifold smoothness with controlled bias and sampling variance,
we establish a per-round descent inequality in expectation that explicitly sepa-
rates the contributions of global gradient, client heterogeneity, and aggregation
bias.

Lemma 4.9 (One-round expected descent). Assume α ≤ min
{

γ
4G

, 1
4LM

}
.

Then, for either RFedRL or RFedProj aggregation, conditioning on Ft we
have

Et[F (xt+1)] ≤ F (xt) −
α

4
∥ gradF (xt)∥2 + O

(
α2

(
n− k

k(n− 1)
σ2 +

σ2
sg

kB

))
+ O(α3) + O(α4), (21)

where LM = ℓ̄+ G
2γ

.

4.3.4. Telescoping and stationarity
Summing the one-round descent over T rounds and applying Young’s

inequality to absorb the linear gradient term yields the O(1/
√
T ) stationarity

rate with explicit dependence on partial participation ratio (n−k)/(k(n−1)).

Lemma 4.10 (Stationarity from one-round descent). Let α = ητ satisfy the
stepsize cap of Lemma 4.9, α ≤ min

{
γ
4G

, 1
4LM

}
, and assume F is bounded

below on M with F⋆ := infx∈M F (x) > −∞. Then for any T ≥ 1,

1

T

T−1∑
t=0

E
[
∥ gradF (xt)∥2

]
≤ 4 (F (x0)− F⋆)

αT
+ O

(
α

(
n− k

k(n− 1)
σ2 +

σ2
sg

kB

))
+ O(α2) + O(α3). (22)

The proofs of the previous four key Lemmas can be found in the Supple-
mentary material (Sections S2–S5). With Lemma 4.10 in hand, Theorem 4.6
follows by setting αT = c/

√
T , which satisfies the stepsize cap for sufficiently

large T .
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5. Numerical experiments

We study the proposed framework on EEG-based motor imagery classifica-
tion, a task where data confidentiality concerns naturally motivate federated
learning and where manifold geometry plays a central role. Indeed, spatial
covariance matrices have proven to be highly effective descriptors for EEG
signals [7], motivating the use of geometric methods that respect their SPD
structure. Using three datasets from the MOABB benchmark [35], we com-
pare two architectures: EEGNet [36], a convolutional network operating on
raw signals in Euclidean space, and SPDNet [10], a geometric deep network
operating on SPD covariance matrices whose layer parameters are constrained
to the Stiefel manifold. This setup allows us to assess our projection-based
aggregation schemes in both Euclidean and Riemannian settings.

Traditional BCI pipelines [40, 41] typically employ within-subject cross-
validation, using calibration data from each user to build personalized decoders.
In contrast, we target population-level models that generalize across subjects
without per-user calibration, reflecting realistic federated scenarios where new
clients may join with minimal or no local data.

To disentangle the challenges of cross-subject generalization from those
introduced by federation, we consider two complementary settings. First, a
centralized baseline (Section 5.3) pools all available data, establishing an upper
bound on achievable performance when data sharing is unrestricted. Second,
a federated setting (Section 5.4) distributes data across clients that never
share raw recordings, allowing us to evaluate whether our projection-based
aggregation schemes can approach centralized performance while preserving
data locality.

5.1. Datasets
We evaluate on three single-session motor imagery EEG datasets from the

MOABB benchmark [35], summarized in Table 3: Weibo2014 [42] provides
a challenging 7-class task with 60 channels and 10 subjects; Schirrmeis-
ter2017 [43] features high-density 128-channel recordings from 14 subjects
with a standard 4-class paradigm; and PhysionetMI [44] offers the largest sub-
ject pool (106 subjects, 64 channels, 4 classes), enabling scalability evaluation.
Three PhysionetMI subjects were excluded due to incomplete recordings.

Each trial (Xj, yj) consists of a multichannel EEG recording Xj ∈ Rnchan×T

where T denotes the number of time samples, and class label yj ∈ {1, . . . , ncl}.
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Table 3: Overview of EEG motor imagery datasets. Trials/class denotes the approximate
number per subject. S.R. denotes the Sampling Rate.

Dataset nsubj nchan ncl S.R. (Hz) Trials/class Epoch (s)

Weibo2014 10 60 7 200 80 [3, 7]
Schirrmeister2017 14 128 4 500 120 [0, 4]
PhysionetMI 106 64 4 160 23 [0, 3]

All datasets undergo identical preprocessing: signals are band-pass filtered in
[8, 32]Hz to isolate motor imagery-related frequency bands.

5.2. Model architectures
We employ two complementary architectures operating on different in-

put representations: EEGNet processes raw temporal signals while SPDNet
operates on SPD covariance matrices. Both architectures are trained using
identical optimization protocols (Table 4) in centralized (Section 5.3) and
federated (Section 5.4) settings.

Table 4: Training hyperparameters for all experiments.

Parameter Value

Batch size 64
Optimizer Adam
Initial learning rate 10−3

Loss function Cross-entropy
LR scheduler ReduceLROnPlateau (patience 20, factor 0.5)
Random seeds 10 independent runs

EEGNet [36] is a compact convolutional neural network designed for EEG
signals, operating directly on raw trials Xj ∈ Rnchan×T after per-trial, per-
channel z-score normalization. As illustrated in Figure 2, the architecture
comprises two convolutional blocks (detailed in Supplementary Material, Fig-
ure S1) followed by a classification head. Block 1 applies temporal convolution
to extract frequency-specific features, followed by depthwise spatial convolu-
tion to capture electrode correlations. Block 2 refines features via separable
convolutions. To accommodate varying sampling rates across datasets, we
set the temporal kernel size to Kt = max(⌊0.5 · fs⌉, 32), ensuring a consistent
receptive field of approximately 500ms.
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Input
Trial

Block 1
Temporal & Spatial
Feature Extraction

Block 2
Separable

Convolution

Classification Head
Flatten → Linear

Output
ŷ

(B, 1, nchan, T ) (B,F1×D, 1, T /p1) (B,F2, 1, T /(p1p2)) (B,ncl)

Hyperparameters: F1=8 (temporal filters), D=2 (depth multiplier), F2=F1×D=16 (separable filters), p1=4, p2=8 (pooling factors)
Adaptive kernel sizes: Kt = max(⌊0.5fs⌉, 32) (temporal, ≈500 ms), Ks = max(⌊fs/(2p1)⌉, 8) (separable)

Figure 2: EEGNet overall pipeline

SPDNet [10] operates on symmetric positive definite (SPD) sample covari-
ance matrices (Figure 3). Given a centered trial X̄j, the input covariance is
computed as Σj =

1
T −1

X̄jX̄
⊤
j ∈ S++

nchan
. The architecture considered consists

of a single BiMap layer Σ 7→ W⊤ΣW with W ∈ St(nchan, d), which reduces
dimensionality while preserving SPD structure; a ReEig layer that rectifies
eigenvalues below threshold ε > 0 to maintain positive definiteness; and a Lo-
gEig layer that maps to the tangent space via Σ = UΛU⊤ 7→ U log(Λ)U⊤. The
final classifier computes ŷ = softmax(ξ vec(Σ) + β), where vec(·) denotes full
vectorization. The learnable parameters (W, ξ, β) are optimized end-to-end
with Adam [32]: Stiefel weight W via tangent-space local trivialization [45],
softmax parameters ξ, β in the standard Euclidean way. Backpropagation
through eigendecomposition follows [46]; Table 5 details the per-dataset
configuration.

Input
S.C.M.

BiMap
W⊤ ·W

(B,nchan, nchan)

ReEig
(ε)

(B, d, d)

LogEig
log(·)

(B, d, d)

Vec
flatten

(B, d, d)

FC

(B, d2)

Output
ŷ

(B,ncl)

Figure 3: SPDNet pipeline: BiMap-ReEig block on the SPD manifold, followed by LogEig,
vectorization, and a fully-connected classifier. Tensor dimensions are shown as (B, ·, ·)
where B denotes batch size, nchan the number of channels, and d the reduced dimension
after BiMap.

Following preliminary studies on SPDNet hyperparameters on each dataset
(see Supplementary Material, Section S7), we consider the configurations
detailed in Table 5.

Table 5: SPDNet architecture configuration per dataset.

Dataset Hidden dim d ϵ (ReEig)

Weibo2014 22 10−1

Schirrmeister2017 24 10−2

PhysionetMI 18 10−2
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Formally, let D = {(Zj, yj) ∈ X × {1, . . . , ncl}}Nj=1 denotes a dataset of N
labeled samples, where for EEGNet, Z(i)

j = X
(i)
j ,X = Rnchan×T , for SPDNet,

Z
(i)
j = Σ

(i)
j ,X = S++

nchan
and y

(i)
j is the corresponing class label. Given a

model forward pass fθ with learnable parameters θ, the empirical risk on D is
the cross-entropy loss F (θ;D) = − 1

|D|
∑|D|

j=1

∑ncl

k=1 1yj=k log
(
fθ(Zj)k

)
, where

fθ(Zj)k denotes the k-th softmax output.

5.3. Centralized baselines
To establish a centralized baseline representing unrestricted data sharing,

we pool all subjects and perform a stratified split into training (75%), valida-
tion (10%), and test (15%) sets, with each subject contributing to all three.
Training proceeds for at most 300 epochs with early stopping (patience 75
epochs), retaining the checkpoint with lowest validation loss [47]. Table 6
summarizes the results.

Table 6: Centralized test F1 (%) on EEG motor imagery datasets. Mean ± std over 10
seeds. Best results per dataset in bold.

Dataset Model #Parameters Centralized

Weibo2014 EEGNet 5,303 50.7± 1.5
SPDNet 4,715 51.7± 0.8

Schirrmeister2017 EEGNet 9,348 81.5± 0.9
SPDNet 5,380 74.5± 0.6

PhysionetMI EEGNet 3,284 50.8± 0.7
SPDNet 2,452 43.1± 0.5

5.4. Federated learning setup
We simulate a multi-institutional setting by partitioning data across n

clients. To disentangle the effects of federation from data heterogeneity, we
consider two partitioning strategies:

• IID partitioning. A single global stratified split is performed on the
pooled data, matching the centralized baseline exactly, before uniform
distribution to clients. Each client receives a representative mixture of
all subjects and classes, eliminating client-level distribution shift.
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• Subject-based partitioning (non-IID). Each client receives data
from a disjoint subset of subjects assigned sequentially, and indepen-
dently splits its local data. This captures realistic inter-institutional
heterogeneity arising from subject-specific EEG characteristics.

Comparing these two modes quantifies the performance gap attributable to
non-IID data distributions. The number of clients is chosen to balance data
across clients in the subject-based (non-IID) setting, and kept identical for
the IID baseline to ensure fair comparison.

Each client i ∈ {1, . . . , n} has only access to its own dataset

Di :=
{
(Z

(i)
j , y

(i)
j ) ∈ X × {1, . . . , ncl}

}|Di|

j=1
, with D =

n⊔
i=1

Di.

It is split into training (75%), validation (10%), and test (15%) sets using
stratified sampling. Given learnable parameters θ, let us denote by Fi(θ) :=
F (θ;Di) the local empirical risk for client i. On the server, the objective is to
minimize the global empirical risk over all clients argminθ

1
N

∑N
i=1 Fi(θ).

Training proceeds over T communication rounds. At each round t, a
subset St ⊆ {1, . . . , N} of k clients participates: (1) the server broadcasts
global parameters θt; (2) each client i ∈ St performs τ local epochs, yielding
θ
(i)
t,τ ; (3) the server aggregates updates to obtain θt+1.

To examine partial participation effects, we consider participation rates
ρ = k/n ∈ {1.0, 0.8, 0.5, 0.2}, where clients are sampled uniformly without
replacement each round. We set T = 150 rounds with τ = 2 local epochs,
matching the centralized budget of 300 epochs. Setting τ > 1 reduces
communication frequency but amplifies client drift under heterogeneous data,
as the bias term in Lemma 4.10 scales with α = ητ . We do not employ early
stopping to ensure consistent comparison across strategies.

We report macro-averaged F1 on a pooled test set aggregating all local
test sets, evaluated at every round to monitor convergence.

Server aggregation strategies. For FedEEGNet, we use FedAvg [1] with batch
normalization statistics excluded from aggregation, as local statistics better
capture client-specific distributions [48].

For FedSPDNet, aggregation is hybrid: BiMap weights W ∈ St(nchan, d)
use Riemannian strategies from Section 3.3, while classifier parameters (ξ, β)
use standard averaging. Table 7 summarizes the update rules, where uf(·)
denotes the orthogonal polar factor (3) and PWt the tangent projector (2).

22



40 50 60 70

40

50

60

70

RFedProj F1 (%)

R
Fe

dR
L

F
1

(%
)

y = x

Weibo2014

PhysionetMI

Schirrmeister2017

Figure 4: RFedProj vs RFedRL F1 scores across all configurations. Points lie on the
diagonal, confirming equivalence (max |∆F1| < 0.2%).

Table 7: Server aggregation strategies for FedSPDNet, with k = |St| participating clients.

Parameter Strategy Update rule

W ∈ St(nchan, d)
RFedProj Wt+1 = uf

(
1
k

∑
i∈St

W
(i)
t,τ

)
RFedRL Wt+1 = uf

(
Wt +

1
k

∑
i∈St

PWt
(W

(i)
t,τ −Wt)

)
ξ, β FedAvg ξt+1 = 1

k

∑
i∈St

ξ
(i)
t,τ , βt+1 = 1

k

∑
i∈St

β
(i)
t,τ

Both strategies share asymptotic complexity O(knchand + nchand
2) for

aggregating k matrices and computing the polar factor via thin SVD. However,
RFedProj incurs lower constant factors, requiring only averaging followed by
polar retraction, whereas RFedRL additionally computes tangent projections
and requires storing Wt.

5.5. Results and analysis
Aggregation scheme equivalence. RFedProj and RFedRL yield equivalent
results: F1 scores differ by less than 0.2% (Figure 4) with near-identical
convergence curves (Supplementary Material, Figures S3–S5), validating
Theorem 4.6. Given RFedProj’s lower computational overhead, we adopt it
as the default for FedSPDNet.

Robustness to federation overhead. FedSPDNet exhibits systematically lower
degradation relative to its centralized baseline (Supplementary Material,
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Table 8: Test F1 scores (%) for federated learning on EEG motor imagery datasets. Results
are mean ± std over 10 seeds; best per row in bold. Centralized baselines: Weibo2014
(EEGNet 50.7 ± 1.5, SPDNet 51.7± 0.8), PhysionetMI (EEGNet 50.8± 0.7, SPDNet
43.1± 0.5), Schirrmeister2017 (EEGNet 81.5± 0.9, SPDNet 74.5± 0.6).

IID Non-IID

Dataset n Part. FedEEGNet FedSPDNet FedEEGNet FedSPDNet

Weibo2014

5

100% 44.1± 2.1 50.0± 1.6 39.9± 2.4 43.3± 1.0
80% 42.9± 1.6 50.0± 1.8 39.0± 2.2 43.7± 1.3
50% 40.9± 2.1 48.6± 1.7 36.4± 4.1 41.2± 0.8
20% 37.5± 3.1 47.6± 2.0 32.9± 4.1 39.2± 2.3

10

100% 39.9± 1.3 48.6± 1.7 37.1± 2.7 41.0± 1.0
80% 39.4± 1.0 48.5± 1.8 36.2± 2.4 41.2± 0.9
50% 38.8± 1.8 47.9± 1.5 34.3± 3.7 40.9± 0.7
20% 34.4± 2.8 46.7± 1.6 32.8± 3.3 39.3± 1.9

PhysionetMI

53

100% 40.1± 1.8 40.1± 0.9 38.3± 1.8 39.5± 0.6
80% 40.2± 1.7 39.8± 0.9 38.0± 2.6 39.4± 0.7
50% 40.3± 2.0 39.6± 0.8 38.0± 2.7 39.5± 0.9
20% 38.9± 1.3 39.5± 0.8 37.9± 2.3 38.4± 1.1

106

100% 33.8± 2.4 38.1± 1.1 30.0± 2.3 37.3± 0.6
80% 33.9± 2.6 37.8± 1.0 30.2± 2.8 37.3± 0.6
50% 33.6± 2.2 37.9± 0.9 31.5± 2.8 37.4± 0.7
20% 33.7± 2.6 37.4± 1.3 31.4± 2.0 36.8± 0.9

Schirrmeister2017

7

100% 76.5± 1.1 74.1± 0.7 70.2± 1.2 65.9± 0.7
80% 75.7± 1.1 73.8± 0.7 67.9± 2.9 65.7± 0.9
50% 75.3± 1.1 73.6± 0.6 65.8± 3.0 64.4± 0.8
20% 69.9± 4.1 71.8± 0.8 58.1± 5.6 57.8± 3.4

14

100% 74.3± 1.6 73.5± 0.4 62.1± 2.7 59.8± 1.0
80% 73.4± 2.3 73.5± 0.6 62.0± 2.2 60.0± 1.2
50% 73.6± 1.0 73.4± 0.7 62.1± 2.5 59.3± 1.6
20% 69.2± 1.3 71.9± 0.5 58.5± 2.6 56.3± 2.6

Figure S6): 3–24% versus 13–35% for FedEEGNet on Weibo2014, 7–15%
versus 21–41% on PhysionetMI, and 1–4% versus 6–15% on Schirrmeister2017
(IID). This robustness persists even when FedSPDNet achieves lower absolute
F1, suggesting Riemannian aggregation provides geometric regularization
absent in Euclidean averaging.

Scalability with client count. FedSPDNet scales more gracefully with fed-
eration size. Doubling clients on PhysionetMI (n = 53 → 106) increases
FedEEGNet’s degradation by 12–16 pp versus 4–5 pp for FedSPDNet, with
similar patterns on other datasets.

Robustness to partial participation. Higher participation generally improves
performance in small federations. At large scale (n = 106), however, FedEEG-
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Net exhibits non-monotonic behavior under non-IID conditions – 50% partic-
ipation outperforms full participation, likely due to gradient divergence [4]
– while FedSPDNet remains stable (37.3–37.4% F1). Across datasets, Fed-
SPDNet consistently exhibits 1.5–3× lower variance across seeds under non-
IID, indicating more stable convergence valuable for clinical deployments.

Communication efficiency. SPDNet requires 11–42% fewer parameters (Ta-
ble 6), reducing per-round communication. FedSPDNet achieves superior
early-round performance (34% F1 within 50 rounds vs 21–29% for FedEEGNet
on PhysionetMI), though FedEEGNet exhibits steeper late-phase improve-
ment. FedSPDNet is thus preferable in communication-constrained settings;
architecture selection should also consider the channel-to-subject ratio.

6. Conclusion

We introduced RFedProj and RFedRL, two projection-based Riemannian
federated learning methods for compact submanifolds that eliminate expo-
nential maps, logarithms, and parallel transport while supporting partial
participation and multiple local epochs without drift correction. Both achieve
O(1/

√
T ) convergence with explicit heterogeneity and participation depen-

dence, extending classical Euclidean federated bounds to the Riemannian
setting. Experiments on EEG motor imagery classification validate theoretical
predictions: the two aggregation schemes perform equivalently, favoring the
simpler RFedProj. Compared to Euclidean FedAvg, FedSPDNet exhibits
lower federation overhead, better scalability, greater robustness to partial
participation, and reduced variance – properties valuable for multi-site clinical
deployments. Open directions include extending the theory to adaptive opti-
mizers, non-compact geometries such as the SPD manifold, and differential
privacy guarantees.
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