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Introduction

Presentation of the model:

@ (ak)k>1 and (bk)k>1 are two independent sequences of a
centered stationary Gaussian process defined on (Q2, F,P)
such that

2w .
E [akar] = E [biby] = p(k — ) = /0 e k=%, (dx),

p: spectral measure.

We assume p,(dx) = 1,(x)dx + fis.

1 n
o We set fo(x) = —= Z ay cos(kx) + by sin(kx),
Vg

e N(fp,[a, b]) = Card (x € [a, b] | fu(x)=0).
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Introduction

Independent case

Dunnage (1966): (ak)k>1,(bk)k>1 i-i.d. N(0,1) with zero mean
and variance one,

o EWN(h[02n)] _ 2
n—-+o00 n \/g

I”= In fact, this result holds for any i.i.d. random variable
(Flasche, (2017)).
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Introduction

Angst, Dalmao, Poly (2017): (ax)k>1 and (bk)k>1 being
1p-dependent where

po(dx) = 1p(x)dx,

with ¢, € C°((0,27)) and inf4), > 0. Then,

lim
n—-+o00

E[N(f,[0,27])] _ 2

S

& In particular, for long-range correlations

—

e.g. increments of

FBM) we have universality.
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Introduction

Questions

= What happens for a more general spectral measure

L/ density 1,?
For example: v, = 2—1311[_373], a € [0,n].

In particular, what happens when:
@ 1, is not necessarily continuous?

@ 1, is no longer lower-bounded?
° A(¢p, =0)>07
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Statement of the results

Lower bound for positive density part

If ¢, > 0 a.e. on [0,27], we always have

ing BN 0.27])] 2
T e T

o Corroborates partially the conjecture (Pirhadi) that % is the
least mean number of zeros for f,.

° = % for 1), uniformly positively lower-bounded (ADP).
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Statement of the results

¥, > 0 but no lower-bounded

If
dpp = pis + Pp(x)dx
In > 0,s.t. log(t,) € LYT([0, 2], dx)
then
EW(R.0.20)] _ 2
n——+400 n \/§

Forn =0, log(y,) € L' <= (ak)k>1 purely 'non-deterministic’,
i.e. admits a causal representation

i = ZCJNI‘_J’ Ck k>1 € f (N), (Nk)kEZ i.i.d. N(O, 1).
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Statement of the results

C.1 : v, is piecewise continuous and

{¢p=0} = L_J[ah b1u (J{q},

Jj=1

C2 :1p, € CMM st 1) is 7-Holder

Under C.1 or C.2,

im BV 0.20)] A, =0} | A({¥, £0})

n——+00 n 71'\/5 ﬂ'\/g
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Statement of the results

A, =0)>0vs. ¢, >0 ae.

Remarks:
o ADP: dp ™\, 0 arbitrarily slow s.t.

i EV(F 0.27])) _ 2

S

n n
o Here: Jp ™\ 0 arbitrarily fast s.t.

o BV [0.2n])] , 2
n n \/g.

I”= Universality is not related to the speed of decay of p.
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Statement of the results

Remarks:

e lim, only depends on the size of the support of
1,, not the shape.

n

° [%, \@} is the range of attainable values.
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Ideas behind the proofs

General framework

fa(-) is a C! process such that

o B[R2(x)] = =3 plk - £)cos((k — £)x)
n =1
= i(/fz/ * pp(x) >0
Fejér kernel
° E[f,;(x)z] = iL,, * fup(X),
Qp

with L, explicit trigonometric kernel and a,, = W.
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Ideas behind the proofs

General framework

Since the field is smooth and non-degenerated, by Kac-Rice

formula
2m Ef’ E fo(x)F! 2
Hence

1E[/\/(fn, [0, 27])]
2r [ o, E[f!(x E [f,(x)F1(x)]\
- / \/n2(y E[f2( x)] ( nE[f2(x] dx

_ 7/ 1 L*up(x)_<K’*,up(X)>
7 Jo n?an Kp * f1p(x) 20Ky, * pp(x)
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Ideas behind the proofs

General framework

The properties of the trigonometric kernels give the following a.s.
Fejér-Lebesgue convergences:

Ln* ,up(X) m %(X),

K # p1p(X) ——— ¥p(x),

n—-+4o00
EK’ % fp(x) —— 0
n n P n—-+o00 ’
nza,, —F 3.
n—-+00
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Ideas behind the proofs

© What happens when 1, >0 a.e. 7

@ What happens when 1), can vanish on an interval?

infy, > 0=

1 Loxtp(x) [ Khru(0) 1
o K 1,(x) 2nKp, % 1Py(x) ) notoe” /3]

by dominated convergence

E [N (£, [0, 27])] 2
n n——-o00 \/g

Thibault PAUTREL joint work with J. Angst & G. Poly Real roots of dependent random trigonometric models



Ideas behind the proofs

What about the case of ¥, > 0 a.e. & no longer lower bounded?

@ Kac-Rice formula does not allow to conclude.
@ Another strategy based on Salem-Zygmund like CLT (Jiirgen).
o log(t,) € LY = uniform integrability condition.
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Ideas behind the proofs

pp(dx) = ,(x)dx = =11, 4(x)dx

fa, 0,2 1 /271
Recall that E [N ’[ )l —/ =1/ In(x)dx, where

—p(x) 2
—_——
E / ( ) L 1 L, *wp(x) . Kr/1 *¢p(X)
S\ X) = n2a, Ky % 1,(x) 2nKp, * 1,(x)
—1p(x) —0

Strictly inside [—a, a]: dominated convergence (¢, > 0) & Fejér

-Lebesgue:
Lp *1,(x) 1
anKp * 1,(x) - 37
- 1 1
= Uniformly, -+/I(x) — 7
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Ideas behind the proofs

pp(dx) = ,(x)dx = =11, 4(x)dx

£, 10,2 o
Recall that E [N ’[O )l / =1/ In(x)dx, where

—0 2
1 n(x) = 1 Lp*1),(x) B K} % 1p(x)
n VI n2ay, Ky x ab,(x) 2nK), * 1 p(x)
—0 —0

More difficult part — Outside [—a, a]: we need 2nd order
asymptotics:

L *1pp(x) 1
anKn * 1,(x) - 2
= Uniformly, 1/I,(x) — %
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Ideas behind the proofs

pp(dx) = ,(x)dx = =11, 4(x)dx

E[N(fn, [0,2a])] _ /2“ \/In(x)d, where

L e | L) (Koo Y’

n VTN n2ag Ky x aby(x) 2nKp, x p(x) )
In small neighborhood of +a, 0, (Prisker-Yeager, 2015), negligible
contributions for the roots.
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Ideas behind the proofs

pp(dx) = ,(x)dx = =11, 4(x)dx

By additivity in Kac-Rice formula,

fin E[N(f.,[0,27])] = 27 —2a N 2a
n n N ™2 ™3
M, =01, MY, £0)

™2 m™/3
Same method works for finite combinations (Condition C.1).

For more general vanishing locus, we need some regularity.

= Non-universality with nodal asymptotics ranging from % to

V2.
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Ideas behind the proofs

Discrete spectral measure 11, = % (60 +0-0), a#0

@ In general, there is no convergence as n — +00.

e 3 a function ¢ s.t. Im(¢%) C (v/2,2]; VB € (0,1), for n>> 1
s.t. na & 7,

E [N (f,, [0, 27])]

n

—{%(na mod )

o <nﬂ(1 - \ios(na)r))
+o(1).

e In particular, Ye > 0,V/ € (v/2,2],3a > 0 and infinitely many

e E [N(£, [0, 27])]

—f‘ge

1= Non-universality with nodal asymptotics ranging from v/2 to 2.
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Hp =
Ypdx + ps

infy, >0

log(p) € L+

ps =0
A({p =0})=a>0

p P .
!‘Lﬁ = 5
a g nQ

E[N (fn.[0,27])]
n

2m—2a 2a

I, BV

7L)
V2liminf < lim sup < 2
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Ideas behind the proofs

Thank you for your attention.
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